INTEGRAL TRANSFORMATION OF HEUN'S EQUATION AND 

SOME APPLICATIONS 

KOUICHI TAKEMURA 

Abstract. It is known that the Fuchsian differential equation which produces 
the sixth Painleve equation corresponds to the Fuchsian differential equation with 
different parameters via Euler's integral transformation, and Heun's equation also 
corresponds to Heun's equation with different parameters, again via Euler's integral 
transformation. In this paper we study the correspondences in detail. After inves- 
tigating correspondences with respect to monodromy, it is demonstrated that the 
existence of polynomial-type solutions corresponds to apparency (non-branching) of 
a singularity. For the elliptical representation of Heun's equation, correspondence 
with respect to monodromy implies isospectral symmetry. We apply the symme- 
try to finite-gap potentials and express the monodromy of Heun's equation with 
parameters which have not yet been studied. 



1. Introduction 
The Gauss hypergeometric differential equation 

(1-1) *(1 - z)pL + ( 7 - ( a + + 1) Z ) d jjL-a0y = 0. 

dz A dz 

is very famous both in physics and especially so in mathematics; it is a canonical 
form of the second-order Fuchsian differential equation with three singularities on 
the Riemann sphere C U {oo}. There are several important generalizations of Gauss 
hypergeometric differential equation. We now treat two examples, Heun's equation 
and the sixth Painleve equation. 

Heun's differential equation (or Heun's equation) is a canonical form of a second- 
order Fuchsian equation with four singularities, which is given by 

h o\ —L j- ( e ± j ei _u aPz-q _ 

1 ' dz* + \z + z-l + z-t) dz + z{z- \){z - tf - ' 

with the condition e + €\ + e t = a + (3 + 1 (see [ID]). The exponents at z = (resp. 
z — 1, z — t, z — oo) are and 1 — eo (resp. and 1 — e\, and 1 — e t , a and 0). 

The sixth Painleve system is a system of non-linear ordinary differential equations 
defined by 

dX _ dH dfi _dH 
( ■ ' ~dt ~ 9^7' ~dt ~ ~~d\' 
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with the Hamiltonian 

(1.4) H =^^y {MA - 1)(A - t)/i 2 - {9 (X - 1)(A - t) + M(A - t) 

+{9 t - 1)A(A - l)}fi + Kl (K2 + 1)(A - t)} . 

By eliminating /i in Eq.f ll.3p . we obtain the sixth Painleve equation for A which is 
a non-linear ordinary differential equation of order two in the independent variable 
t. It is known that the sixth Painleve system is related to monodromy preserving 
deformations of certain Fuchsian differential equations. Let A {0,1, i, oo} and 
D yi (9o, 6*i, 9 t , Ooo] A, /i) be the second-order linear differential equation given by 

(15) d 2 yi ( z ) , fi-e Q , i-e 1 , i-e t i \d yi (z) 



dz 2 \ z z — 1 z — t z — A J dz 

/ kx(« 2 + 1) A(A-% _ t(t-l)H \ 
\z(z-l) z(z-l)(z-X) z(z - l)(z - t) J yi{ ' 
«i = (^oo -9 -9 1 - 9 t )/2, k 2 = -{9^ + 9 + 9, + 9 t )/2, 

where H is given as in Eq. (11.41) . Then Eq. (11 .51) is a Fuchsian differential equation 
with five singularities {0, 1, t, A, oo} on the Riemann sphere. The exponents at z = p 
(p G {0, 1, t}) (resp. z = A, z = oo) are and 9 p (resp. and 2, Hi and k 2 + 1), and it 
follows from Eq. (ll.4p that the singularity z = A is apparent (non-logarithmic). The 
sixth Painleve system (Eq. (11.31) ) is derived from a monodromy preserving deformation 
of Eq. (ll.5p (for details, see [4]), and the function yi(z) is obtained from a first order 
2x2 Fuchsian differential system with four singularities {0, oo}, denoted by 

D Y {9 ,9 1 ,9 t ,9 oo ;X,^k)mmn 

Heun's equation and the Fuchsian differential equation D yi (9 , 9i, 9 t , 9^; A, /i) ad- 
mit integral transformations. We fix a base point o for the integrals in the complex 
plane C appropriately. Let p be an element of the Riemann sphere C U {oo} and 7 P 
be a cycle on the Riemann sphere with variable w which starts from w — o, goes 
around w = p in a counter-clockwise direction and ends at w = o. Let f(z) be a holo- 
morphic function locally defined around z = o and f^iz) be the function analytically 
continued along a cycle 7 whose base point is o. Define 

(1.6) (7,/>«= / f{w){z-wydw. 

This is called Euler's integral transformation (or an Euler transformation). Let 
[lz, 7 P ] = lzlplz l % 1 be the Pochhammer contour. The following proposition was 
obtained by Novikov [S], and independently by Kazakov and Slavyanov [B] and it 
was also derived by considering an explicit form of a middle convolution of a 2 x 2 
Fuchsian differential system |20j : 

Proposition 1.1. ([EJ[6l[20]) Ifyi(z) is a solution of D yi (9o, 9\, 9 t , 9^; A, /i), then the 
function 

(1-7) y{z) = ([7*,7p]>yi)*2-i = / yi(w)(z-wY 2 ~ l dw, 

J [7* i7j>] 
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satisfies D yi (9 , 9i,9 t ,9 oo ; X, fl) forpe {0, l,t, 00} , where 

(1.8) K 2 = -{e 00 + e Q + e l + e t )/2, o p = k 2 + o p (p = o,i,*,oo) 



K 2 _ _ K 2 + # K 2 + #1 K 2 + 4 K 2 



Kazakov and Slavyanov established an integral transformation for solutions of 
Heun's equation in [5], and it was also obtained by taking suitable limits in Propo- 
sition II. 1| which was discussed in [20] by considering the relationship with the space 
of initial conditions of the sixth Painleve equation. 

Proposition 1.2. ([SJ [2D]) Set 

(1.9) (77 - a) (77 - 0) = 0, e' = e - 77 + 1, e[ = e x - 77 + 1, e' t = e t - 77 + 1, 
{a',/3'} = {2- ri,a + -2 V + 1}, 

g' = q + (1 - r?)(e t + erf + (e - rj){t + 1)). 
Lei t) (w) be a solution of 

(1.10) ^ + + -A- + -fL) * + - - 0' v = 0. 

aw^ \w w — 1 w — t J aw w{w — l){w — t) 
Then the function 

(1.11) y(z) = (hz,lp],v)- v = / v(w)(z - wy^dw 

J [7* i7i>] 

zs a solution of 

(L12) ^ + v 7 + ^I + ^J^ + ^-l)(,-t) ^ = °' 

/or p G {0, l,t, 00}. 

Note that Eq. fll.9D can be replaced by 
(1.13) (V - a') (V - &') = 0, e = e' - 77' + 1, e x = e\ - 77' + 1, e t = e' t - 77' + 1, 

7/ = 2 - t/', {a, /?} = {2 - r/', a' + p' - 2 V ' + 1}, 

q = q' + {l-iW t + e' 1 t+{e' -i){t + l)). 

In this paper Euler's integral transformations given by Eqs. fll.7l) . (11. lip are consid- 
ered. If we have a solution of the differential equation D yi (9 , 9%, 9t, 6001 \ A*) (resp. 
Eq.l 11.10p ). then we may study the solution of D Vi (9q, 9i, 9 t , 9^; A, p) (resp. Eq.f ll.12j) ) 
by means of Euler's integral transformations in Eq. fll.7p (resp. Eq.f ll.llj) ). We apply 
this strategy for the case where the differential equation D yi (0 O , 9%, 9 t , 9^; A, ll) (resp. 
Eq. fll.10p ) has a polynomial- type solution. Then it is shown that one of the singular- 
ities {0, l,t, 00} of the differential equation D yi (9 , 61, 9 t , 9^; A, jx) (resp. Eq. fll.12p ) 
turns out to be non-branching (apparent), and the inverse statement also holds (see 
Theorem 14.31 (resp. Theorem I4.2p ). As a by-product, we have integral representations 
of solutions of Heun's equation for which one of the singularities {0, l,t, 00} is non- 
branching (see Theorems 15.21 and 15.41) . We also investigate properties of monodromy 



4 



KOUICHI TAKEMURA 



by means of integral transformations such as Eqs. fll.7p . ( Il.lip . which are used for the 
study of solutions. 

It is known that Heun's equation has an elliptical representation. Let p(x) be 
the Weierstrass doubly periodic function with periods (2u>\, 2u^), uo(= 0), cui, <jJ 2 {= 
—uji — 0J3), U3 be the half-periods and ej = p(u>i) (i = 1,2,3). Heun's equation 
(Eq. fll.2p ) is transformed to 

(1.14) (~ + Hk + l)p{x + Wi) - e\ f(x) = 0, 

by setting z = (p(x) — ei)/(e 2 — ei), t — (e 3 — ei)/(e 2 — ei). For details see section [6j 
Then the integral transformation of Eq. fll.lip provides a correspondence of Eq. fll.14p 
with a different parameter described in Proposition 16.21 For the elliptical representa- 
tion, the invariance of monodromy by the integral transformation with respect to the 
shift of a period is remarkable. For details see Theorem 16.31 We also obtain corre- 
spondences of solutions expressed by quasi-solvability (existence of a polynomial-type 
solution) and apparency (non-logarithm) of one of the singularities {0, lo\, u 2 , uj 3 }. We 
apply the integral transformation for the case where Heun's equation has the finite- 
gap property, i.e. the case where lo,li,l2,h G Z. For the case l ,li,l 2 ,h G Z we can 
calculate the monodomy in principle for all E by means of hyperelliptic integrals [15] 
and by the Hermite-Krichever Ansatz [16J. By applying monodromy invariance, we 
can calculate the monodromy of Heun's equation for the case lo,h,h,h G Z + 1/2 
and lo + l\ + h + h £ 2Z + 1, which have not been studied previously. 

This paper is organized as follows: In section |2j we investigate the transforma- 
tion of the monodromy induced by Euler's integral transformation. In section [31 we 
obtain some properties of solutions and monodromy of the Fuchsian differential equa- 
tions D yi (9 , 0i, 9 t , 600] A, /x), D yi (9 , 9i, 9 t , 9^; A, jl) and Heun's equations (Eqs. fll.10p . 
f )1.12p ). In section HI we have correspondences of polynomial- type solutions and non- 
branching solutions. In section [51 we obtain integral representations of solutions of 
Heun's equation which have non-branching singularities by using polynomial-type 
solutions. In section [61 we translate the results to the elliptical representation of 
Heun's equation. In section [71 we review results on finite-gap potentials and calcu- 
late the monodromy of the elliptical representation of Heun's equation for the case 
l , li, l 2 , h G Z + 1/2 and l + l\ + l 2 + h G 2Z + 1. In the appendix we provide the 
technical details. 



2. Monodromy and integral transformation 

In this section we investigate the transformation of the monodromy induced by 
Euler's integral transformation given by Eq.f ll.6p . For the Euler transformation using 
the Pochhammer contour, we have the following relations for p G {0, l,t}: 

(2.1) 

([7*,7p],/>«= / , J{w)(z-wYdw= (l z J) K + e 2 ^ K ( lp J) K 
+ e 2 ^( 7 ;\ /7,) K + ( 7 -i, p P ) K = (e 2 -/^ - l)( 7p , f) K + ( 7z , / - 
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We review some facts about cycles in order to discuss the monodromy. Let a, b G 
CU{oo} (a 7^ b) and p a b be a path linking a and b. We put the base point o of integrals 
in Eq. ( 11.6H on the left side of the path p ab - Let z be a point on p a 6. We consider 
deformations of the cycles 7o , % and 7 Z in the w-plane as the point z turns around the 
singularity a or b anti-clockwise. As the point z turns around the singularity w = a 
anti-clockwise, the cycle 7 a is deformed to "ialzlal^la 1 , the cycle j z is deformed to 
lalzla 1 an d the cycle 75 is not deformed (see Figure 1). As the point z turns around 
the singularity b anti-clockwise, the cycle 75 is deformed to izlblz 1 , the cycle 7^ is 
deformed to ^^blzlb 1 % 1 an d the cycle 7 a is not deformed (see also Figure 1). 




lalzl a 1 lzlbl z 1 Izlblzlb \ 

Figure 1. Deformation of the cycles. 
It follows from Eq.flZT)) that 



(2.2) 

([7„ 76], f)l a = ([lalzla 1 , It], /)« = (7a, /)« + / 7 <% " ^^"fra, /)« 

= (e 27rV ~ lK - 1)(76, />, + (7„ / - P h ). + (e 2 ^ K - l)(7a, P b ). + (lz, P b ~ P^)* 

~ ((e 2 ^ lK - l)(laj)n+(lzj ~ P a },) = ([lz,l b ],f) K + ([7„7a],/ 7b ) K " ([lz,la], f) 
([lz,la]J)l a = (lalz[lz,la](lalz)~\f)K = ( [j z , la ] , P« ) «. 

Similarly, we have 

(2.3) ([7,, 7j,/) 76 = ([7„7a],/) K + e 27r ^ TK ([7 2 ,7 ],/ 7a ) K -e 27rV ^ TK ([7„7o],/) K , 

([7„76],/)^ = e 2,rV=T ' 5 ([7„76],/ 7I, )K- 

We assume that the function y(w) is a solution of a second-order differential equa- 
tion, the two points a, b G C are regular singularities of the differential equation 
whose exponents are and 9 a , and 9b respectively, and the Euler transformations 
([lz, 7p], v)k defined in Eq.f ll.7p are non-zero for p = a,b. We put the base point o 
of integrals in Eq. fll.7p on the left side of the path p a b- Let y^ 2 \w) be a solution of 
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the second-order differential equation such that the functions y(w), y^ 2 \w) form a 
basis of solutions of the differential equation, and we denote the monodromy matrices 
around the singularity w = p by 



(2.4) (y(wy*,yW(wy*) = (y(w)J 2 \w)) P f P f = (y(w), y^{w))M'^. 

\ P21 P22 J 

The eigenvalues of the monodromy matrix M'^ in Eq. (12.41) are 1 and e 27Vy ^ ep . If one 
of the exponents around the singularities w = p is zero, then there exists a non-zero 
solution f(w) that is holomorphic about w = p and it follows from Eq. (l2.ip that 
the function ([7 2 , 7 P ], is zero. Let p[y(w) + p' 2 y( 2 \w) be a non-zero holomorphic 
solution of the differential equation about w = p. Then we have 

(2.5) p[(hz,i P ],y) K + P2(hz,i P ],y {2) ) K = 0. 
Since p' 1 yi(w)' yp + p 2 y ( - 2 \w) lp = p[y(w) + p' 2 y^ 2 \w), we have 
(2.6) 

P'n - 1 P'12 \f P'l \ = ( \ (Pii - W22 " 1) - K2P21 = 0, 
P21 P'22 ~ 1 J \P2 J V J ' Ki + P22 = trM'W = 1 + e 2 -^. 

It follows from the assumption ([7z,7 P ],y)« ^ (j) £ {«,&}) that y(u>) is not holo- 
morphic about w = p and p' 2 7^ 0. We calculate the monodromy for the func- 
tions ([7 Z , 7 ], y) K , ([jz,lb],y)K with respect to the cycles 7 a and 7& for the case that 
([lz,Ja],y)K, ([lz,Jb\,y) K are linearly independent. Combining with Eqs. §F2$), ([23]), 
we have 

(2.7) ([7 2 ,7j,2/ 7b > K = ([l z ,la],b' u y + b' 21 y^) K = ({ lz , la ],b' n y - ^b' 21 y) K 

a 2 

{hz,lb},y)l a = (bz,lb\,y)K + ([lz,la\,y yb }K - ([7*>7a],J/)«, 

&il - 1 - & 21^) ([7*> 7a], y)« + ([7*, 76], 
([7.,7.],y>? = e 2 ^ K ([ lz , la ],a' n y + a' 21 y^) K 

= e 2 ^ K <[ 7 *, 7a ],a' ll2 / - ^a' 2l y) K = e 27r ^«i + a' 22 - l){[ lz , 7a ], y) K , 



a 



2 



(bzMiV)l b = (hz,la],y) K + e 2 ^ K ( a' n - 1 - ^a 21 ) ([7,, T6 ], y) n , 



1 — 77a, 



y 2 



([7„ 76], y>? = e 2 ^ K (b' n + b' 22 - l)([ lz , lb ],y) K . 
We denote the monodromy matrix on the cycle 7p with respect to the functions 
([7z,7pi ],:?/}«, ([t^TmL?/)* by M^. Then we have 



r(.) = ( e 2 ^ K «i + a' 22 " 1) fe'n " 1 " ^21 



(2-8) M aib 

M <2 = ^ e 2 ^ lK [a' n - 1 - |a' 21 ) e 27r ^(6' u + & 



1 
1 

? 22 
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Thus tr(M^) = 1 + e ^^ K+6a \ tr(M^) = 1 + e 2lT ^ K+db \ and we have 



(«u + b' 22 -l)(b' n - l-%b' 2l ) \ 
6ii + ^ 2 -l )' 
tr(M$ M$ ) = e^^tr (M ,(a) M ,(6) ) , det (M$ M^ b ) = e^^det (M ,(a) M /(6) ) . 

Note that values of the trace and determinant are independent of the choice of basis. 

We consider the case where ([y z , 7J, y) K , ([7^, 75], y) K are linearly dependent. We 
further assume that the point w = c is also a regular singularity, ([y z , 7 P ], y) K ^ for 
p = a,b,c and ([75, 7J, ?/) K , ([7^ 7J, ?/) K are linearly independent. Then ([7^ jb],y) K = 
d([jz, 7o], ?/)« for some cf ^ 0. It follows from Eq.(j23J) that ([7^ J a ],y)l a = aii([7*> la],y) K = 
(1 + a 12 /d){[j z ,j a ],y) K and ([7^, j a ), y)l b = b 22 ([y z ,j a ),y} K = (1 + db 21 )([y z , j a ], y) K , 
where a u = e 2 ' K ^~ lK (a' ll + a! 22 - 1), a i2 = b' n - 1 - b' 21 a[/a 2 , b 2 \ = e 2n ^ Tfi (a' u — 1 — 
a 2ib'i/b' 2 ), b 22 = e 27rv/rTft (6' n + 6' 22 — 1). Hence we have an = 1 + a^/rf, 622 = 1 + d& 2 i 
and a i2 &2i = (011 — 1)(&22 — 1)- By applying Eqs.f l2.6p . f 12 .81) . the relation 012621 = 
(an — 1)(&22 — 1) can be written as 



(2.9) 



cc,o a,D 



a ll b ll + a 12 b 21 + a 21 b 'l2 + a 22 6 22 



1-^22+1 
1 b' U 21 



(2.10) g^V^T" det(M ,(a) M' (&) ) - e 2 " v ^ TK tr(M ,(a) M ,(6) ) + 1=0. 

Assume that the points a, 6, c are located anticlockwise with respect to the point o. 
In a similar way as we obtained Eq.f l2.8p . we have 



(2.11) ((h z ,i b ],y)l b ,(hz,ic],y)l b ) = ((h z ,j b },y) K ,(h„ic},y) K ) 

3 W=r«( 6il + ^ _ 1) c^-i-JU 



1 

({hz,7b],y}l% (b/z,n/c],y)l c ) = (([7*,76],j/)k>([7*,7c],j/)k) 

1 



fe^21 



,27tv^Tk ( y 1 c i y \ r ,2-K\f—\K( j 

\o u 1 ,o 21 



C ll + C 22 



1) ' 



((hznc\,y)l C ,(hz,7a},y)l C ) = «[7*»7c],J/)«, ([7a>7a],y)») 



c 1 „/ 

21 



C ll ^22 1) fl ll 1 c J a 

1 

{(hz,ic],y)l a , (hz,ia],y)l a ) = (([iz,ic},y)K,(hz,ia],y) K ) 

1 



C ll 1 ai, C 21 



„27Tv /3 Tk/'„/ 



a 'n + «22 - 1) 
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By applying ([j z ,j b ],y) K = d([j z ,-f a ],y) K , we obtain 

(2.12) ((b„7*],v)Z a ,{bz,7c],v)?) = (H^aUUAhznly)*) 

e 2 ^(a' u + a' 22 - 1) e 2 ^ (c' n - 1 - <d 2: 
1 

{(frz, 7a], y)^, ([72,7c], y)l") = «[7*»7a],J/)«,<[7*>7c],J/)«) 

e 27r ^(&' u + b' 22 - 1) (c' n - 1 - \d 2X )d 
1 

Then det (M$M$) = e^^ K det (M'^M'W) and tr(M$M$) = e AlT ^ K det(M'^ M'^) + 
1. Combining with Eq. (l2~T0|) . we have t^M^M^) = e^^H^M^M'^). It is 
also shown for the case where the points a, b, c are located anticlockwise with respect 
to the point o. Comparing the two expressions of the monodromy matrices with 
respect to the cycle 7 C in Eq. (12.1 II) . we have 

(2.13) a' n - 1 - |e4 = e 2 ^ (V u - 1 - j d. 

3. Solutions and Monodromy 

Concerning the existence of a global simple solution of a Fuchsian differential equa- 
tion, we have the following proposition: 

Proposition 3.1. Let Dy = (D = d 2 /dw 2 + a\(w)d/ dw + 0,2(10)) be a second-order 
Fuchsian differential equation with singularities {t\, . . . ,t n , 00 (= t n+ i)}, and let 6^ 

(2) 

and 6\ be the exponents at the singularity w = f (I — 1, . . . , n + 1). 

(i) If the monodromy representation of solutions of the differential equation Dy = is 
reducible, there exists a non-zero solution y{w) such thaty(w) = h(w) YYi=i( w ~ 
h{w) is a polynomial in the variable w and YTi=i h(t{) 7^ 0. 

(ii) If there exists a non-zero solution y{w) of Dy = such thaty{w) = h(w) Y\^ = i(w— 
ti) a ' , h(w) is a polynomial of degree k and YYi=i h(U) 7^ 0, then a\ G {9^,0^} for 
each I — 1, ... ,n and 9^+i = —k — Ym=i a i or @n+i = ~k ~ Ym=i a i- 

Note that we may neglect the contribution of w = ti for some / G {!,..., n} if 
the singularity w = t\ is apparent, i.e. 6\ ; ,0j G Z>o and there are no logarithmic 
solutions around w = ti. 

Proof. Assume that the monodromy representation of solutions of the Fuchsian equa- 
tion Dy = is reducible. Let 77 (/ = l,...,n + 1) be a cycle on the Riemann 
sphere which traces a path around the singularity w = U anti-clockwise. Since 
the dimension of the space of solutions of the differential equation Dy = is two, 
it follows from reducibility that there exists a non-zero solution y(w) such that 
y^'(w) = e 27Tvr ~^ ai y(w) for some constants «/ and / = l,...,n+ 1. The mon- 
odromy of the function £/(w) n™ =1 (w — U)~ ai on C is trivial, because 7 n+ i is writ- 
ten as products of j^ 1 (/ = l,...,n). Since y(w) satisfies the Fuchsian equation 
Dy = 0, the function y(vj)YYi=i( w — U)~ ai does not have any singularities except 



(3.1) (j,y) 
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for {t 1 . . . , t„+i}, and the singularity w = oo is regular at most. Hence the func- 
tion y(w) YYi=i( w ~ ti)~ ai ma y have poles at w — ti (I — 1, . . . , n), holomorphic on 
C \ {ti, . . . , t n } and the regular singurality w = oo is non-branching. Therefore we 
have y{w) Y\^ =l {w — U)~ ai = p(w) Yl'i=i( w ~~ U)~ mi for some integers mi, . . . , m n and 
a polynomial p{w). Thus y{w) may be written as y{w) = h{w) Y\^ =1 {w — ti) at , where 
h(w) is a polynomial in the variable w and Yl™ =1 h{t{) ^ 0. Therefore we have (i). 

If y{w) = h(w)YYi = i(w — U) ai (h(w): a polynomial of degree k, YYi=i h(ti) ^ 
0) satisfies the Fuchsian equation Dy = 0, it follows from that the exponents at 
w = I (I G {l,...,n}) are { (1) ,0, (2) and h(p) ^ that a t G {9^,9^}. Write 
h(w) = CkW k + Ck-iiu^ 1 + ■ ■ ■ + Co (cfc 7^ 0). Then we have the expansion y(w) = 
(l/w)~ k ~'^ l = iai (ck + (ck-i — Cfc Ym=i ti a l)/ w + •••) around w = oo and the index 
—k — Y^i=i a i must coincide with one of the exponents at w = oo, which are O^+i an d 
0^+1 ■ Therefore we have 9^+1 — —k ~ Ym=i a i or ^i+i = ~~ & ~~ Ym=i a i- ^ 

Proposition 13.11 is applicable to the Fuchsian equation D yi (9 Q , 9%, 9 t , 9^; A, fA) and 
Eq. (II. 101) follows readily. 

For a cycle 7, we set 

(7,y) K2 _i, if y(w) satisfies D yi (9 ,9 1 ,9 t ,9 oo ; A, fi), 
(7, y)- n , if y(w) satisfies Heun's equation (11.101) . 

It follows from Proposition 11.11 (resp. Proposition 11.21) that if y(w) is a solution 
of D yi (0 o ,0i,0t,0oo^A,/f) Jresp. Eq.(|1.10p) then ([7 z ,7 P ],y) (p G {0, l,t, 00}) is a 
solution of D yi (9 , 9i, 9 t , 9^; A, /i) (resp. Eq. fll.12p ). 

The local expansion of the function ([y z , %],y) (p — 0, 1, t, 00) about z = p can be 
calculated using Eqs.( 1A.8| ). ( 1A.13I) for the case k = /t 2 — 1, 9So = 0co = ^2 + 1 
(resp. 9 P = 1 — e' p (p = 0, 1, £), k = —77, 0^ = a+/3 — 2r) + l, 8& = 2 — r]) by using the 
local expansion of solutions of D yi (9o, 0i, 9 t , 9^; A, /i) (resp. Eq. fll.10p ) (see Eqs. flA.ll ). 
(1A.2p . (lA.lOp . (lA.lip ). The local expansions are applied to obtain the condition that 
the function ([7^ 7 p ], y) (p G {0, 1, t, 00}) is identically zero for all solutions y{w) to 
D yi (9 ,9 1 ,9 t ,9 oo ;X,ii) (resp. Eq.flTTD}). 

Proposition 3.2. (i) Let p G {0,1, t} and assume k% ^ Z (^resp. 77 G" Zj. T/ie 
junction ([y z , j p ], y) is identically zero for all solutions y(w) of D yi (9 , 9i, 9 t , 9^; A, fi) 
(resp. Eq. ^l.lCh) ). if and only if 9 P G Z>o (resp. e' p G r L<\) and the singularity w = p 
is non-logarithmic (i.e. A^' = in Eq. AA.fy) ), or 9 P + k 2 G Z<_ x (^resp. e p G Z> 2 j 
and i/ie differential equation D yi (9 , 9\, 9 t , 9^; A, /i) (^resp. Eq. M.lOi) ) has a solution 
of the form of a product of (w — p) 9p (resp. (w — p) l ~ e 'v ) and a non-zero polynomial 
of degree no more than —9 P — k 2 — 1 (resp. e p — 2). 

(ii) Under the assumption k 2 G" Z (Vesp. r/ G" Zj ; the function ([72, 7oo], 2/) ^den- 
tically zero for all solutions y(w) of D yi (9o, 9%, 9 t , 9^; A, /i) (^resp. Eq. U.10\) ). if and 
only if 9oo G Z>i (Ves/x a; + /3 — r? G Z^i^) and the singularity w = 00 is non- 
logarithmic, or Hi G Z< (Ves/x a + — 2r] G Z<_ ly ) and iae differential equation 
.0^(00,01,0^000; A,/i) Eq. M.lOi) ) has a non-zero polynomial in the variable w 

of degree —K\ (resp. 2rj — a — /3 — 1). 

Proposition 13.21 will be proved in the appendix. 
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We investigate a sufficient condition for the functions ([7^, 70], y), ([y z , 71], y), ([j z , 7J, y) 
to span the two-dimensional space of solutions of D yi (9q, #i, 9 t , 9^; A, p) (resp. Eq. fll.12p ). 

Proposition 3.3. There exists a solution y(w) of £^(#0, #1, #t, #00; A, /1) (7esp. Eq. M.10]) ) 
such that ([7*, 70], 2/) 7^ 0, ([7*, 71], 2/) 7^ 0, ([7z,7t],2/) 7^ and tfie functions^ ([7*>7o] L 2/) 
([Tzj 7i], 2/)> ([Tzi 7t]>2/) s P an ^ e two-dimensional space of solutions ofD yi (9 , $i, 9 t , 9^; A, /i) 
('resp. Eq. /ll.lty) ). if n 2 £ Z and P , 6* p ^ Z /or a//p G {0, 1, £, 00} ('resp. 77, eo, ei, 64, a— 
/^e'^a'-^Zj. 

We will prove Proposition 13.31 in the appendix with a more detailed proposition. 
By applying the results on the monodromy of integral representations in section [2j 
we have the following theorem for monodromy matrices: 

Theorem 3.4. Let a, b G {0, l,t} (a 7^ b), M'^ 3 ' be a monodromy matrix of a cer- 
tain basis of solutions of D yi (9o, 0%, 9t, 9^ \ aO (resp. Eq. M.10\) ) on the cycle 7 P 
(p G {a, 6} ) and be a monodromy matrix of a certain basis of solutions of 

D Vi (9q, 9i, 9 t , 9oo', A, p) (resp. Eq. U.lty) ) on the cycle j p . Then we have 

(3.2) tr((M (a) M (6) ) n ) = e 2 "^ rinK2 tr((M ,(a) M ,(b) ) n ), 

(resp. tr((M (a) M (fc) ) n ) = e~ 2 " vCrTnr 'tr((M /(a) M /(fc) ) n ), 

for n G Z. 

Proof. Set k = k 2 — 1 (resp. k = —rj) for the case of the differential equation 
D yi (9 ,9 1 ,9 t ,9 oo ]X,fi) (resp. Eq. fOOl ). Firstly we show that tr (M^M^) = eW^t^M'W M'W) 
and det (M^M^) = e 4 *^"det (M'^M'^) under the assumption of Proposition El 
It follows from Proposition 13 ,3l that there exists a solution y(w) of .D^ (6*o, #1, t , 6*00; A, //) 
(resp. Eq.(|l.l()p) such that ([72,70], y) 7^ 0, ([72,71],?/) 7^ 0, ([7*,7t],2/) 7^ and the 
functions ([7g,7o],y), ([7z, 7i], 2/), ([7«,7t],y) span the two-dimensional space of so- 
lutions of D yi (9o,9i,9 t ,9 00 ; X, ft) (resp. Eq. fll.12p ). Let c be the element in {0,1, t} 
which is different from a and b. Then ([7^, j a ], y), ([y z , %], y) are linearly independent 
or ([78,7a]: 2/)' ([7*>7c],2/) are linearly independent and ([7^,70], y) = d([-f z ,-f b ),y) for 
some 0). Hence it follows from the calculations of monodromy in section [2] that 
if n 2 $ Z and 9 P , 9 P Z for all p G {0, 1, t, 00} (resp. 77, e , ei, e t , a— /3, e' , e[, e' t , a'—f3' $ 
Z) thentr(M( a )MW) = e^^t^M'WM'W) and det(M( a )MW) = e^^det(M'WAf'< 6 )). 
It is known that continuity of the coefficients of the differential equation with respect 
to a parameter implies continuity of solutions of the differential equation and mon- 
odromy with respect to the parameter. Hence we have tr(M^ M^) = e 27ry/ ~ TK tr(M / ( a ) M'^) 
and det (M^M^) = e^^Me^M'^M'^) for all cases by taking a limit from the 
case k 2 ^ Z and 9 P , 9 P £ Z for all p G {0, 1, t, 00} (resp. 77, e , ei, e t , a — (3, e' , e[, e' t , a' — 
f3' ^ Z). Let l[, 1' 2 (resp. li, l 2 ) be the solutions of the quadratic equation x 2 — 
tr(M'^ M'^)x + det(M'^ M'^) = (resp. x 2 -ti(M^ M^)x + det(M^ M^) = 0). 
Then we have {h,l 2 } = {e 2n ^ TK l[,e 27T ^ T %} and ti((M^M^) n ) = (k) n + (l 2 ) n = 

e W=Tn«((j/)n + = ^yT^ T ^M'W M'®)") for „ £ Z> Q 

It follows from the relations M'^M'^M'^M'^ = 1 and M<® M® = 
1 that tr((M( p )M(°°)) n ) = e - 27r ^ nK2 ti((M'W M'^) n ) (resp. tr((M^M(°°)) n ) = 
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eW^niJtr^M'WM'C 00 ))")) for p G {0, 1, t} and n G Z. It seems that we do not have a 
simple formula connecting tr(AfW(AfW) -1 ) and tr(Af'W(M' (6) )~ 1 ) for a,b £ {0, 1, t}, 
a ^ 6. Note that Eq.^33J can be written as tr((M^M^) n ) =tx((M'^ M'^) n ) for 
a 2 x 2 s/2-Fuchsian system with four singularities, and it was obtained by Inaba- 
Iwasaki-Saito [3 J and Boalch pQ. 



4. Polynomial-type solutions and non-branching solutions 

In this section, we establish correspondences between polynomial-type solutions 
and non-branching (non-logarithmic) solutions which are induced by integral trans- 
formations. 

Let y(w) be a solution of D yi (9 , 9\, 9 t , 9^; A, fj) (resp. Eq. fll.10p ). p G {0,1, £}, 
and consider the local expansion of the solution about w = p as Eqs. OA.ip . (1A.2j) by 
setting k = K2 — 1 (resp. 9 P = 1 — e' , k = —7/). It follows from the local expansion 
of ([7 2 , 7 P ], y) about z = p (see Eq. flA.8j) for the case 9 P G Z<_i, P + k G" Z<_ 2 ) that 



if #p G Z<_i, K2 ^ Z (resp. G Z> 2 , 77 G' Z) and the singularity u> = p of the 
differential equation D yi (9o, 9\, 9 t , 9^; A, p) (resp. Eq. (II. 101) ) is non-logarithmic, then 
= in Eqs.{£2}, fTOjl . the function ([j z ,J p ),y) is non-zero and it is a product 
of (2 — p) 6l p+ K2 (resp. (z — p) 2 ~ e p~ v ) and a polynomial of degree no more than — 9 P — 1 
(resp. e' p -2). Since ([7^, 7 P ], y) satisfies D yi (9 , 9 X , 9 t , 9^; A, p) (resp. Eq.(|L12J)), we 
have the following proposition: 

Proposition 4.1. Let p G {0,1, t}. If 9 P G Z<_i, k 2 g Z ("resp. G Z> 2; rj g Z) 
and the singularity w = p of the differential equation D yi (9o, 9i, 9 t , 9^; A, p) (resp. 
Eq. ^1.10]} ) is non-logarithmic, then there exists a non-zero solution ofD yi (9o, 9±, 9t, 9^; A, 
(resp. Eq. ^LTE) ) which can be written as (z—p) 6p+K2 h(z) (resp. (z—p) 1 ~ ep h(z)) where 
h(z) is a polynomial of degree no more than —9 P — 1 (resp. e' p — 2). 

The following theorem asserts various correspondences between polynomial-type 
solutions and non-branching solutions for Heun's equation. 

Theorem 4.2. Let a,b,c be elements of {0,1, t} such that a 7^ b 7^ c 7^ a and 
rj, a, (3, €q, €1, et, at', (3', e' , e[, e' t be the parameters defined in Eq. U.9\) or Eq. U.13\) . 

(i) If e' a G Z>2, T] £ Z and the singularity w = a of Eq. ICTTO)) is non-logarithmic, then 
there exists a non-zero solution of Eq. ( TOIjj) which can be written as (z — a) 1 ^ ea h{z) 
where h(z) is a polynomial of degree no more than e' a — 2. Moreover if a', (3' (jL Z, 
then deg £ h(z) = e' a — 2. 

(ii) If e' a G Z< , rj ^ Z, a',(3',€b,e c £ Z and the singularity w = a of Eq. ICTTO]) 
is non-logarithmic, then there exists a non-zero solution of Eq. U.lfy) which can be 
written as (z — 6) 1_ef, (z — c) 1 ~ f ~ c h(z) where h(z) is a polynomial with degh(z) = —e' a . 
(Hi) If e a G Z>2, at, /3 (jL Z and there exists a non-zero solution of Eq. ICTTO)) which can 
be written as a product of (w — a) 1 ~ Ea and a polynomial, then the singularity z = a 
of Eq. U.lfy) is non-logarithmic. 

(iv) If e a £ Z<o, a, (3,e' b , e' c (jL Z and there exists a non-zero solution of Eq. n.10]) 
which can be written as (w — b) l ~ € b(w — c) 1 ~ 6c h(w) where h(w) is a polynomial, then 
the singularity z = a of Eq. [JTT^) is non-logarithmic. 
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(v) If a + (3 — rj G Z< 0; rj ^ Z and the singularity w = oo of Eq. U.10\) is non- 
logarithmic, then there exists a non-zero solution of Eq. hi. 12) which can be written 
as a polynomial of degree n — a — (3. 

(vi) Ifa+fl — T] G Z> 2 , T], £o, ei, e t G" Z and t/ie singularity w = oo of Eq.^TjJ)) is non- 
logarithmic, then there exists a non-zero solution of Eq. hi. 12) which can be written 
as z 1 ~ e °(z — l) 1_<E1 (;z — t) l ~ et h(z) where h(z) is a polynomial of degree a + — rj — 2. 

(vii) If a + (3 — 2i] G Z<_ 1; 77, e' G" Z and iaere exists a non-zero solution of Eq. hi. 10) 
written as a polynomial in w, then the singularity z = oo of Eq. hl.12) is non- 
logarithmic. 

(viii) If a + (3 — 2n G Z> 1; 77, e' , e' 1; e' 4 G" Z and taere exists a non-zero solution of 
Eq. hl.lO) which can be written as w 1 ~ e °(w — l) 1 ^ El (w — i) 1 ~ et h{w) where h(w) is a 
polynomial, then the singularity z = 00 of Eq. §1.12) is non-logarithmic. 

We will prove Theorem 14.21 in the appendix with a more detailed proposition. 

Correspondences between polynomial-type solutions and non-branching solutions 
for the differential equations D yi (9 , 9\, 9 t , 9^; X, /j,) and D yi (9 ,9i,9 t ,9 oo ; X, fl) can 
also be described as follows: 

Theorem 4.3. Set «i = {9^-9^-9^9^/2, k 2 = -{9 oo + 9 +9 1 +9 t ) /2, 9 p = k 2 + 9 p 

{p = 0, 1, t, 00) and 

, . , x 7 , K-2 _ K 2 + 9 K 2 + 9i K 2 + 9 t K 2 

(4.1) A = A 7 3 3—, M= — ~ h— h — -. 

A A-l A-t A-A 

Lei a, 6, c be elements of {0,1, t} such that a 7^ b 7^ c 7^ a. Assume that A, A G^ 
{0. l./.-x). 

(%) // # a G Z<_ 1; k 2 G" Z and tae singularity w = a of the differential equation 
D yi (9o, 0i, 9t, #00! A, /i) in the variable w is non-logarithmic, then there exists a non- 
zero solution of the differential equation D yi (9o, 9\, 9 t , 9^; A, p) in the variable z which 
can be written as (z — a) 6a h(z) where h(z) is a polynomial of degree no more than 
—9 a — 1. Moreover if k± G" Z, then deg E h(z) = —9 a — 1. 

(ii) If 9 a G Z> , K\, k 2 , 9},, 9 C 7L and the singularity w = a of the differential equa- 
tion D yi (9o,9i,9 t ,9 OQ ; X, fi) is non-logarithmic, then there exists a non-zero solution 
of the differential equation D yi (6Q,6i,6t,9oo', \P) which can be written as (z — b) 9b (z — 
c) dc h(z) where h(z) is a polynomial with degh(z) = 9 a . 

(Hi) If9 a G Z< , k 2 , 6*00 & Z and there exists a non-zero solution of D yi (9o, 9\, 9 t , 9^; A, n) 
which can be written as a product of (w — a) 6a and a polynomial, then the singularity 
z = a of D yi (9o, 9i, 9 t , 9^; A, fi) is non-logarithmic. 

(iv) If9 a G Z>i, k 2 , 6*00, 9b, 9 C Z and there exists a non-zero solution ofD yi (9 , 9\, 9 t , 9^ , 
which can be written as (w — b) 9b (w — c) 6c h(w) where h(w) is a polynomial, then the 
singularity z = a of D yi (9o, 9\, 9 t , 9^; A, fi) is non-logarithmic. 

(v) If 9oo G Z< 0; k 2 G' Z and the singularity w = 00 of D yi (9o, 9\, 9 t , 9^; A, /i) is 
non-logarithmic, then there exists a non-zero solution of D yi (9 , 9x,9 t ,9 OQ ; X,jl) which 
can be written as a polynomial of degree —9^ . 

(vi) J/ #00 G Z>i ; k 2 , 6*o, 9i, 9 t G" Z and the singularity w = 00 of D yi (9 , 9i, 9 t , 9^; A, u) 
is non-logarithmic, then there exists a non-zero solution of D yi (9o,9i,9t,9 00 ; A, jl) 
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which can be written as z e °(z — l) 6l (z — t) 9t h(z) where h(z) is a polynomial of degree 

Ooo — 1- 

(vii) If Ki G Z< , k.2, Oq G" Z and there exists a non-zero solution of D yi (9 , 9i, 9 t , 9^; A, fi) 
written as a polynomial in w, then the singularity z = oo of D yi (0Q, 9±, 9 t , 9^; A, p) is 
non-logarithmic. 

(viii) If K\ G Z>i, K2, 9q, 9i, 9t G" Z and there exists a non-zero solution ofD yi (9o, 9i, 9t, 9 a 
which can be written as w 9 °(w — l) 6l (w — t) 6t h(w) where h(w) is a polynomial, then 
the singularity z = oo of D yi (9o,9i,9t,9 00 ; A, fi) is non-logarithmic. 

5. QUASI-SOLVABILITY AND NON-BRANCHING SOLUTIONS FOR HEUN'S EQUATION 

We recall the quasi-solvability of Heun's equation. 

Proposition 5.1. (PU E] etc.) Let v v G {0, 1 — e' p } for p = 0,l, t, rf G {«', f3'} and 
assume that — (rf + Vq + U\ + u t ) G Z> . Set n = —{j]' + u + v x + u t ) . Then there exists 
a polynomial P(q') of degree n+ 1 in the variable q' such that if q' satisfies P(q') = 
then there exists a solution of Eq.ftTTTQ) written as w v °(w — l) Ul (w — t) Ut p(w), where 
p(w) is a polynomial of degree no more than n in the variable w. 

Example 1. We investigate polynomial-type solutions of Heun's equation for the case 
e' Q — 0' + 2 = 0. Set u — 0, V\ — 1 — e' 1; u t — 1 — e' t and rf = a' in Proposition ^. 1\ 
Then n = -(a' + 2 - e[ - e' t ) = -{e' Q -/?' + 1) = 1. We look for a solution of Eq. U~IU) 
of the form (w — l) 1 ^ El (w — t) 1_e *(c + w). By substituting it into Eq. U.10]) . we have 

(5. 1) c(q' - P't\t + /3't + 2e[t - 2t - 2 + /?' - f3'e' t + 2e' t ) +2t- f3't = 0, 

c(/3' - e' t - e[ + 2) + q' + e[t + 2/3't - 2t - P'e\t + 2/3' -2- f3'e' t + e' t = 0. 

Hence 
(5.2) 

_ g'-(/3'-l)(( e ' 1 -2)t + 4-2) 
e> t + e' 1 -/3'-2 

(5.3) 

(q'f + ((-2/9'ei + 3(3' + 3e[ - A)t + (-2(3'e' t + 3(3' + 3e' t - A))q' 
+ (/3'-2)[( e ' 1 -l)( e ' 1 -2)(/3'-l)t 2 t 

+ {(/3' - 1X24; - 3 £ ; - 3e' t + 5) - e\ -e' t + 3} + (e' t - l)(e' t - 2)(/3' - 1)] = 0. 

Therefore, if q' satisfies the quadratic equation in Eq. Ii5. 3]) . then the function (w — 
l) 1_€l (w — t) 1_e '(c + w) satisfies Eq. U.10]) where c is chosen as Eq. k5.2i) . 

We are going to obtain explicit expressions for non-branching (non-logarithmic) so- 
lutions of Heun's equation by using solutions which are expressed by quasi-solvability. 

Theorem 5.2. Let a,b,c be elements of {0,1, t} such that a 7^ b 7^ c 7^ a and 
77, a, (3, e , 6i, e t , a', (3', e' , e[, e' t be the parameters defined in Eq. U.9\) or Eq. U.13\) . 
(i) If e a G Z< , a,(3,e' b ,e' c ^ Z and the singularity z = a of Eq. U~l^) is non- 
logarithmic, then there exists a non-zero solution of Eq. U.10]) which can be written as 
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(w — 6) 1_e fe(ty — c) l ~ e ' c h(w) where h(w) is a polynomial of degree —e a and the functions 
(5.4) / (w-b) 1 - e '"{w-c) 1 -^h{w){z-w)- r 'dw, (p = 6,c), 

^ [7a iTp] 



are non-zero solutions of Eq. [TUfy . 

(ii) If a + j3 — 2i] G Z>i, ?7, e' , e' 1; ^ Z and the singularity z = oo of Eq.(T7TM) is non- 
logarithmic, then there exists a non-zero solution of Eq. U.10\) which can be written as 
w 1 ~ e °(w — l) 1 ~ €l (w — t) 1_et /?,(w) where h(w) is a polynomial of degree a + /3 — 2i] — 1 
and tne functions 

(5.5) / «; 1 - e o(«;-l) 1 - e 'i(tw-*) 1 - e */i(tw)(z-'u;)- , 'd«;, (p = 0,l,*), 
are non-zero solutions of Eq- fTTB) . 

Proof. By Theorem 14. 21 (ii) (resp. Theorem 14.21 (vi)) and the duality of the parameters 
(a, (3, e , ex, e t , rf) and (a', /?', e' , e' 1; e' t , if) in Eqs.f ll.9p . (JTTT3J) , we obtain the existence 
of a non-zero solution of Eq. (ll.lOj) which can be written as (w — o) 1_e i>(«; — c) 1 ^ Ec h(w) 
(resp. w 1 ~ e °(w — l) 1_<El (u> — t) l ~ et h{w)) where h(w) is a polynomial of degree — e a 
(resp. a + (3 — 2n — 1). It follows from Proposition 11.21 that Eq. (15.41) (resp. Eq. fl5.5|) ) 
is a solution of Eq. fll.12l) . We show that Eq. (I5.4j) for p = b is non-zero. We expand 
(w — c) 1 ~ <Ec h(w) about w = b as Y^jLo^j( w ~ ■ Then there are infinitely many 
terms such that Cj ^ 0, because e' c Z. Eq. fl5.4p for p = 6 is written as Eq. (IA.8|) for 
the case 6>& = 1 — e' b ^ Z< , 6 , & + fi; + l = 2 — e' 6 — n = 1 — G Z<_i, and it is not 
identically zero. It is also shown that Eq. fl5.4p for p = c and Eq. fl5.5p for p — 0, 1, t 
are not identically zero. 

□ 

Example 2. We investigate solutions of Eq. U.Mfy for the case eo = —1 and the 
singularity z = of Eq. hi. 12^ is non-logarithmic. The condition that the singularity 
z = is non-log arithnic is described as an algebraic equation of q by following the 
method in the appendix, and it is written as 

(5.6) q 2 + (e 1 t + e t -t-l)q + a/3t = 0, 

which is equivalent to Eq. A5.3\) by applying Eq. U.9\) for rj = j3. If Eq. I[57b}) is satified, 
then the function (w — l) 1_<El (u» — t) 1 ^ 6t (w + q/a) satisfies Eq. U.10}) , which follows 
from Example [IJ By applying the integral transformation, the functions 




are solutions of Eq. fTTty) , if q satisfies Eq. 115. 6]) . 



If e a G Z>2, a, (3 ^ Z and the singularity z = a of Eq. ( 11.121) is non- logarithmic, then 
there exists a non-zero solution of Eq. fll.10p which can be written as (w — a) 1 ~ ea h(w) 
where h(w) is a polynomial of degree e a — 2, and the functions 
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are solutions of Eg. ( II .12]) . But it is shown that Eq. fl5.8p is identically zero for p = 
0, l,i, oo. (For the case p — a, it follows from Eg. (IA.8[) on the case 9 P G" Z, 9 P + k G 
Z<_ 2 . For the case p — b,c, it follows from holomorphy of (w — aY~ e ' a h(w) about 
p — b,c. For the case p — oo, it follows from 7o7i7t7oo = 1-) We have a similar 
situation for the case a+(3— 2rj G Z<_i, r], e' ^ Z. To obtain non- vanishing expressions 
of integrals, we apply the following proposition. 

Proposition 5.3. Let r], eo, e t , e' , e[, e' t be the parameters defined in Eq. 111.9]) or 
Eq. U.l!!^) and v(w) be a solution of Eg. ICTTO)) . Then the function 

(5.9) 

y ( z ) = Z x -^{z - if-'^z - ty- et j w^-\w - iy'^\w - ty'^viw^z - w f- 2 dw 

J hz ,7p] 

is a solution of Eg. /II. 1^) for p G {0, 1, t, oo}. 

Proof. Let v (w) be a solution of Eg. fll.10p . Then the function v(w) = w € '°~ l {w — 
l) ei ~ l {w — t) €t ~ l v (u>) is a solution of 

(5.10) + ( ^ + ^ + ^1 + ( 2 -^)( 2 -^-^ , = 

du> 2 \ w w — 1 w — t)dw w(w — l)(w — t) 

q' = q'-(e' + e' t -2)-(e' + e' 1 -2)t. 

It follows from Proposition 11.21 that the function y(z) = Jj 7 7 ] C(it;)(2; — w)~ ( - 2 ~ r '^dw 
(p = 0, 1, t, oo) is a solution of 

f^-m d?y t f 2-e t 2-6! t 2 - e t \ dy (2 - g)(2 - - g _ 

(5 - n) ^ + v -^ + 7^T + I^J^ + ,(,-i)(,-t) ^ = ' 

g = q> + (1 - ^ {2 - 4 + (2 - e'Jt + (2 - e' - 77) (t + 1)} . 

By setting y(z) = z l ~ €0 (z — l) 1 ~ £1 (z — i) l ~ et y(z), it follows that y(z) is a solution of 
Eg.dTTJ). ' □ 
Theorem 5.4. Let a, b, c be elements of {0,1, t} such that a ^ b ^ c ^ a and 
r], a, (3, e , ei, e t , e' , e' 1; be the parameters defined in Eq. U.9\) or Eq. U.13\) . 

(i) If e a G Z> 2 , a,(3,e' b , e' c ^ Z and the singularity z = a of Eq. U.lty) is non- 
logarithmic, then there exists a non-zero solution of Eq. 111.10]) which can be written 
as (w — aY~ ea h{w) where h{w) is a polynomial of degree e a — 2, and the functions 

(5.12) 

z 1 - 6 "^- ly-^iz-t) 1 - 6 ' j (w - by'o-^w - cY°- x h{w){z - w) n ~ 2 dw, (p = b,c), 
are non-zero solutions of Eq. ICTT^) . 

(ii) If a + (3 — 2r] G Z<_ 1; r],^ Q ,e' l ,e' t G" Z and the singularity z = oo of Eq. U.lty) 
is non-logarithmic, then there exists a non-zero solution of Eq. 111. 10]) which can be 
written as h(w) where h(w) is a polynomial of degree 2r] — a — (5 — l and the functions 

(5.13) 

z x -^{z - iy~ ei (z - tf- et f vfi-\w - l)<-\w - t)<- 1 h(w)(z - wf- 2 dw, 
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(p = 0, l,t) are non-zero solutions of Eg. U~A^) . 

Proof. By Theorem 14.21 (i) (resp. Theorem 14.21 (v)) and the duality of the parameters 
in Eqs.f ll.9j l. ( 11. 131) . we obtain the existence of a non-zero solution of Eg. (ll.lOj) which 
can be written as (w — a) 1 ~ Ea h(w) (resp. h(w)) where h(w) is a polynomial of degree 
e a — 2 (resp. 2r] — a — (5 — 1). It follows from Proposition 15.31 that Eq.f l5.12j) (resp. 
Eq. (15. 131) ) is a solution of Eq. fll.12p . It can be shown by a similar argument to that 
in the proof of Theorem 15.21 that Eq. fl5.12l) for p = b,c and Eq. fl5.13p for p = 0,1, t 
are not identically zero. □ 

6. Elliptical representation of Heun's equation 

Heun's differential equation has an elliptical representation as we mentioned in the 
introduction. In this section, we rewrite several results on the integral transformation 
of Heun's equation to the elliptical representation form. 

We review the elliptical representation of Heun's differential equation. Set 

(6.1) = + E + + <*)■ 

i=0 

Let a[ be a number such that a\ = —l^ or a[ = l[ + 1 for each % G {0, 1,2,3}. By 
setting 

ia n\ p(x)-ei e 3 -ei <A 4 4 

(6.2) z = , t = , fix) — vz 2 [z — 1) 2 (z — t) 2 ; 

e 2 - e 1 e 2 - e 1 

the equation 

d 2 v ( e' n e'i e+ \ dv a'B'z — q' 

6 - 3 T2 + (- + ~h + — L i)t+ t iv A v = °- 

dz z \z z — 1 z — tjdz z\z — \)[z — t) 

is transformed to 

(6.4) H^W^f{x) = E'f{x), 

where 
(6.5) 

{a', (3'} = {(«; + a' 2 + a' 3 + aQ/2, (a[ + a' 2 + a' 3 + l- a' )/2}, 

e' = a[ + 1/2, e[ = a' 2 + 1/2, e' t = a' 3 + 1/2, 

q' = -Ef/iMe* - e x )) + (-(«' - /3') 2 + 2(e' ) 2 - 4e' + l)(t + 1)/12 

+ (Qe' e' t + 2{e' t f - Ae' t - (e[) 2 + 2e[)/12 + (Qe' e[ + 2(e\) 2 - Ae[ - {e' t f + 2^/12. 

We investigate a correspondence of cycles on the Riemann sphere and the torus. 
For the transformation z = (p(x) — ei)/(e2 — ei), the path from x to —x (resp. 
— x + 2ui, —x + 2o>2, —x + 20J3) which traces a semicircle around uq (resp. uj\, U2, 
W3) corresponds to a cycle which surrounds 00 (resp. 0, 1, t) on the Riemann sphere 
C U {00} whose coordinate is z. Let 70, (resp. 71, 74, 700) be a cycle on the Riemann 
sphere which surrounds the point z = (resp. z — 1, z — t, z — 00) anticlockwise. We 
choose the cycles so that 7o7i7*7oo ~ id. Then the shift of the period x — )• x + 2oj± 
corresponds to a cycle which is homotopic to 7*71, 7i7t, l^li 1 or l^lt 1 on the 
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punctured Riemann sphere, whose choice is dependent on specifying the point x and 
the zone where the shift x — > x + 2ui passes (see Figure 2). 

_ p(z)-ei 

d(=W ) U>! 2UJ1 ' " 62-61 

Figure 2. Correspondence of cycles. 

It is also shown that the shift of the period x — > x+2u) 3 corresponds to the cycle which 
is homotopic to 7o7i, 7i7o, 7cT 1 7r 1 or I^Iq 1 on the punctured Riemann sphere, 
whose choice is dependent on specifying the point x and the zone where the shift 
x — > x + 2oj 3 passes. 

We rewrite the integral transformation of Heun's equation (i.e. Proposition II. 2p in 
elliptical representation form, which was announced in [21] . It is remarkable that the 
eigenvalue E is unchanged by the integral transformation. 

Proposition 6.1. Let o~(x) be the Weierstrass sigma function, o~i{x) (i = 1,2,3) be 
the Weierstrass co-sigma function which has a zero at x = Lo i; and l, t [i = 0, 1,2,3) 
be the cycle on the complex plane with the variable £ such that points £ = x and 
£ = —x + 2ui are contained and the half-periods Zco>i + Zu 3 are not contained inside 
the cycle. Let a[ be a number such that a[ = — 1\ or a\ = 1^ + 1 for each i e {0, 1, 2, 3}. 
Set d = — Yli=o a 'i/2 an d V = d + 2. If f{x) satisfies 

(6.6) H (W2,i' 3 )f( x ) = E f(x), 
then the functions 

(6.7) f(x) = (7(x) Q o +d+ V 1 (x) Q! i +rf+ V 2 (x) Q! 2+ (i + 1 (T 3(x) a '3 +<i+1 - 
(i e {0,1,2,3}) satisfy 

(6.8) H (a' +d,a[+d,a> 2 +d,a' 3 +d) = E f( x y 

Proof. Let f(x) be a solution of ii'fWiiWs) /(a?) = E'f(x). By the transformation 

/ / / 

given by Eq. fl6.2p . the function f(w) = f(p (w))w~2~(w — l)^~(w — t)^~ is a 
solution of Eq.f l6.3p where p~ l {w) is the inverse function of w — = (#?(£) — 

ei)/(e2 — ei), the parameters are given by Eq. fl6.5p and we choose [3' = (a[ + a! 2 + 
a' 3 + a' Q )/2 = —d. Next we apply Proposition 11.21 with the parameter r) — 2 — (3'. 
Then the functions ^ j f(w)(z — w)~ v dw {p = 0, 1, t, oo) are solutions of Eq. fll.12p 
and we have eo = e' — rf + 1 = a[ + d + 3/2, e\ = a' 2 + d + 3/2, e t = a' 3 + d + 3/2 
and {a, (3} = {2 — (3', —a' + j3' + 1} = {2 + d, a' + 1/2}. The value q is expressed in 
term of E' and other parameters. We set = ct i + d + 1(g {— + d), + d + 1}) 
(i = 0, 1, 2, 3) and transform to the elliptical form by Eqs.f l6.2p . (16 .5p where the prime 
(') is omitted. It is shown by a direct calculation that the value E coincides with the 
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original value E', and the functions 

a! +d+l a' +d+\ a'o+d+1 

(6.9) f(x) = z~ L ^—(z-l)-^—(z-t)- a s—- 

l l l 

/(p (w))it; 2 (ty — l) - ^ - ^ — t) 2 (z — w)~ r 'dw 

h* rip] 

are solutions of tfK+^+d.a!, = E'f(x) for p G {0, l,t,oo}, where * = 
(p(x) — ei)/(e 2 — ei). For the transformation w = (jp(£) — ei)/(e 2 — ex), the cycles 
[7*>7oo], [7*>7o], [7*>7i]> [7*>7t] correspond to the cycles J , A, J 2 , 4- By changing 
the variable as w = (jp(£) — ei)/(e 2 — ei) in Eq. (j6.9p and applying the relations 

vW) ~ ^ = (TiiOMO (i = 1, 2, 3), p(x) - p(0 = -cr(x + £)a(:r - 0/M*M0) 2 
and = ~~ 2<7i(£)a 2 (£)<7 3 (£)/cx(£) 3 , we obtain the proposition. □ 



Proposition 6.2. Set 



—a - h — h — h 1 „ a + k - l 2 - Z 3 



(6.10) a G{-Z ,Z +l}, l' = U \ Z *'i = U % -1, 
, « - Zi + Z 2 - Z 3 , « - /i - k + k , a - h - l 2 - k 

k = ~ 2 1, h = ~ 2 hV = ~ 2 • 

If f(x) satisfies ifWiWs) f(x) = Ef(x), then the functions 

(6.11) f(x) =a(x) ao a 1 (xy h a 2 (xy l2 a 3 (x)- h - 

[ /(o^(O z ° + Vi(o Fi+ v 2 (o^ + v 3 (o^ +1 (a(x + 0*(x - orx 

fi G {0,1,2,3}; sate/?/ 

(6.12) H {loM2 ' h) f(x) = Ef{x). 

Proof. We obtain the proposition by applying Proposition 16.11 for a' = 1 + (cto + 
Zi + h + Z 3 )/2, a' x = 1 + (-a - h + h + Z 3 )/2, a' 2 = 1 + (-a + Z x - Z 2 + Z 3 )/2, 
a' 3 = 1 + (-a + Zi + Z 2 - Z 3 ) /2. Note that #Ho-i -k-i -« 3 -i) = tfCWi.Wa). □ 

We review an aspect of the monodromy of a differential equation with periodic 
potential. Let q(x) be a periodic function with a period T and {fi(x), f 2 (x)} be a 
basis of solutions of the differential equation 

(6.13) (-^ + <K*)) /(*) = £/(*)■ 

Then f\(x + T) and / 2 (x + T) are also solutions. Let be a monodromy matrix 
for the shift x — > x + T with respect to the basis {f\(x), f 2 (x)}, i.e. 



(6.14) (frix + T), f 2 (x + T)) = (Mx), f 2 (x))M T = (f^x), f 2 (x)) 
Then we have det Mt = 1 • 



mn rn 12 
m 21 m 22 
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Proof. Since f'J (x) = (q(x)-E)fi(x) (i = 1, 2), we have (fi(x)f 2 {x)-f 1 {x)f^x))' = 0. 
Hence f[(x)f 2 (x) — fi(x)f 2 (x) — C for some constant C ^ which follows from the 
linear independence of fi (x) , f 2 (x) . We have 

(6.15) C = f[(x + T)f 2 (x + T) - fi(x + T)f 2 {x + T) 

= (m u m 22 - m 12 m 21 )(f[(x)f 2 (x) - fi{x)f 2 {x)) = (m u m 22 - m 12 m 21 )C. 

Hence det M T = 1. □ 

Note that this situation is applicable to the elliptical representation of Heun's 
equation by setting T = 2u\ or 2o> 3 (or any period of the elliptic function p(x)). If 
trM-r > 2 or tvMx < —2 (resp. —2 < trM^ < 2), then there exists a basis of solutions 
f+(x),f-(x) such that f±(x + T) = e ±u f±(x) (resp. /±(x + T) = e ± ^ Iu f±(x)) for 
some i/ G R such that e 2i/ - (trM T )e y +1 = (resp. e 2 ^" - (trM T )e v/rTiy + 1 = 0). 
If trM-r = 2 (resp. trM-r = —2), then there exists a non-zero periodic (anti-periodic) 
solution, i.e. a solution f(x) such that f(x + T) = /(x) (resp. /(a; + T) = —/(#)). 
It does not simply follow from trMy = 2 (resp. trM^ — — 2) that every solution is 
periodic (resp. anti-periodic). Whether this is the case is determined by the Jordan 
normal form of Mt- 

Theorem 6.3. Let k G {1,3} and M^' 11 ' 12 (E) be the monodromy matrix by 
the shift of the period x — > x + 2uk with respect to a certain basis of solutions to 
#(Wi>Ws) — Ef(x). Let a'i be a number such that a- = — 1\ or a- = / • + 1 for 
each j G {0,1,2, 3} and set d = — Y^=o a i/^- Then 

(6.16) tiM^f M) {E) = trM K+^i+^+^ + d )(E ^ 

Proof. We prove the case k — 1 such that the shift of the period x — > x + 2a; i corre- 
sponds to a cycle which is homotopic to "ftli- Let f(x) (resp. /(x)) be a solution of 
Eq.fra (resp. Eq.fEH])). Then the function f {p~ x {w))w-</ 2 {w - l)-^{w-t)~^ 2 

(resp. f(p-\z))z-^' 1+d+1 ^ 2 (z - l)-(« / 2+«t+l)/2( z - £)-(a'3+d+l)/2) ig a solution Q f 

Eq. fTLTOl (resp. Eq.flX32)). Thus we have exp(-27rv^(a / 2 +a 3 )/2)trM£ i * /,1 '^'^ ) (E) = 
trM'^M'W and exp(-2vr v ^ : T(a , 2 + a' 3 + 2d + 2)/2)trM£f d ' a[+d ' a * +d ' a ' 3+d \E) = 
trM^M^ 1 ). It follows from Theorem EZJthat tr(M^M W ) = exp(-27r v /= T^)tr(M / WM 
Combining these relations with the relation rj = d + 2 in the proof of Proposition 16. 1[ 
we obtain Eq. fl6.16p . The other cases can be proved similarly. □ 

Corollary 6.4. Assume that the parameters l , l\, l 2 , l 3 , l' Q , l[, 1' 2 , 1' 3 satisfy Eq. A6.10\) . 
Let k G {1, 3}. Then 

(6.17) tTM^f M) (E)=tiM^l hMa \E). 

Corollary 6.5. We keep the notations in Theorem \6.3\. Let k G {1,3}. If there exists 
a non-zero solution f(x,E) of (ifWi^a) _ E)f(x, E) = such that f(x + 2uk, E) = 
Ck(E)f(x, E), then there exists a non-zero solution f(x, E) of (#( a o+ d > a i+ d > a 2+ d > a 3+ <i ) — 
E)f(x,E) = such that f(x + 2u>k, E) = Ck(E)f(x, E). In other word, periodicity is 
preserved by the integral transformation. 
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Proof. Let t f k (resp. £&) be a solution of the quadratic equation (tf k ) — trM^' 19 2 ' 3 (E)f k + 
1 = (resp. t\ - tTM (<+d,<+d,a' 2 +d,a' 3 +d)^ h + x = Q) g ince detM G&.'iA^) (S ) = 

detM KW 1+ ^ + ^+^) (jB) = 1, the value t' k (resp. f fc ) is an eigenvalue of the mon- 
odromy matrix M^f M) {E) (resp. M ^+ d ^'i+ d ^ d ^+ d ) Thus Corollary EE] 
follows from trM^'^' 3 ^) = trAfg^^^^^CS). □ 

Corollary 6.6. Assume that the parameters l , l\, l 2 , h, 1' , l[, 1' 2 , I3 satisfy Eq J6.10\) . 
Let k G {1,3}. If there exists a non-zero solution f(x, E) of(H^o ,ll ' l2 ' l ^—E)f(x,E) = 
such that f(x + 2u k , E) = C k (E)f(x, E) such that f(x + 2u k , E) = C k {E)f{x, E), 
then there exists a non-zero solution f(x,E) of Eg. UTT^i such that f(x + 2u k ,E) = 
C k (E)f(x,E). 

If u)\ G IR^o and U3 G y/—lR^o, then the potential X^=o^(^ + ^)p( x + u i) * n 
Eg. (11 .14]) is real- valued for From the viewpoint of quantum mechanics, we are 

interested in finding square-integrable eigenstates in a suitable Hilbert space for the 
elliptical representation of Heun's equation, and periodicity with respect to the shift 
x — > x + 2u\ is related to square-integrable eigenstates (see [HI Ruijsenaars 
PTj established that the spectrum of Eq. fl6.6j) coincides with that of Eq. (l6.12|) by 
investigating a certain Hilbert-Schmidt operator. Theorem 16.31 can be regarded as 
a complex-functional version of Ruijsenaars' result. Khare and Sukhatme [7] earlier 
made a conjecture about correspondences between quasi-solvable solutions of Eq. (j6.6j) 
and those of Eq. (16.121) , and Corollary 16.51 gives an approach for a reformulation of 
their conjecture in terms of monodromy. 

For elliptical representations, quasi-solvability is described as follows: 

Proposition 6.7. ([TJ1 Proposition 5.1]) Let f$\ be a number such that /?■ = — /■ or 
PI — l'i + 1 f or ea °h i G {0, 1, 2, 3} ; and set d = — J2i=o Suppose that d G Z> 0; 

and let Vp t p be the d + 1-th dimensional space spanned by 

(6.18) \$(p(x))p(x) n } 

l J n=0,...,d 

where $(z) = (z— e\Y^ 2 {z— eiY'^ 2 ^— e^Y^ 2 ■ Then the operator H^' 0,1 ' 1 ' 1 ' 2 ' 1 '^ preserves 
the space Vp> Q! p' v p> 2! p' 3 . 

To find eigenvalues of the operator HW^hh) on the space Vpi pi pr pi , we obtain 
an algebraic equation of order d + 1 in the variable E, which is related to P(q') = in 
Proposition 15.11 for the case Vq = ((3[—a' 1 )/2, v\ = {^ 2 —a! 2 )/2^ v t = ((3' 3 — a 3 )/2, where 
a' { G {—l'i, ^ + 1} and the transformation between Proposition 15 . II and Proposition 16. 71 
is determined by Eq. (16.21) . The eigenvector corresponding to the eigenvalue E can be 
written as a product of $(p(x)) and the polynomial in the variable p(x) of degree no 
more than d. 
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Since the functions p{x + 2ui) {i = 0,1,2,3) are even and doubly periodic, the 
solutions of Eq. fl6.12p about x = Ui {i = 0, 1, 2, 3) can be expanded as 

(6.19) 

oo oo 

c<*> °f( x - "i)~ li+2j + D(t) Yl 5 ?( x - w *) /i+1+2i > u & 1/2 + Z, 



/(*) 



3=0 3=0 
oo 



c ® J2 C ? ( x - Wi)" i+1/2|+1/2+!y + £> (i> - i< g 1/2 + z, 

3=0 



OO 



J2f( x - w< )- |,i+l/2|+l/2+2i +a« ^ 

o=o i=0 



where and Z?W are constants, Cq = Cq' ) = 1, and and (j = 1,2,...) 
are determined recursively. If U G 1/2 + Z and A® ^ (resp. A^' = 0), then the 
singularity x = Ui is logarithmic (resp. non- logarithmic). Note that if U = —1/2, 
then the singularity x = is always logarithmic, i.e. A^' ^ 0. By the transformation 
given by Eq.(JO$, the condition that l 6l/2 + Z (resp. £i G 1/2 + Z, l 2 G 1/2 + Z, 
Z3 G 1/2 + Z) and the singularity x = (resp. a; = x — u 2 , x — U3) is (non- 
)logarithmic is equivalent to that a — f3 G Z (resp. eo G Z, ei G Z, e t G Z) and the 
singularity z = 00 (resp. z = 0, z — 1, z = t) is (non-) branching. The condition 
that the singularity x = Ui (i G {0, 1, 2, 3}) is non-logarithmic (i.e. A^ = 0) for the 
case k G —1/2 + Z^ is described as follows: Set j = — |Z.; + 1/2| + 1/2, 5q = 1, 
=o c j^( x — Wi) : ' 0+2 ' J - By substituting /(x) into Eq.fl6.12l) and expanding 
Eq. fl6.12l) as a series in x — u>i, we obtain an equation for Cq , , . . . for the 
coefficients of (a; — Ui)^ 2 ^ 2 . We determine (/ = 1, . . . , |/j + 1/2| — 1) by solving 
the equation for Cq\ c[\ . . . c^) recursively for each f and we have deg s c^ = f. 
For the coefficient of (x — ajiY 0+ ^ 2li+1 ^~ 2 , the term concerned with Q +1 , 2 , disappears 
and we have an algebraic equation of degree \U + 1/2 1 with respect to the variable 
E, which we denote by P^(E) = 0, where P^\E) is monic. Then the condition 
that the singularity x = uj{ (i G {0,1,2,3}) is non-logarithmic is equivalent to the 
eigenvalue E satisfying P^(E) = 0. The following proposition can be proved by 
rewriting Theorem 14.21 in its elliptical form. 

Proposition 6.8. Let a[ be a number such that a\ = —l[ or a[ = l[ + 1 for each 
% G {0,1,2,3}. Setd=-Y? i=Q ot'j2. 

(1) If a' G 3/2 + Z> (resp. a[ G 3/2 + Z> 0; a! 2 G 3/2 + Z> 0; a' 3 G 3/2 + 
Z>o), d g" Z and the singularity x = (resp. x = u\, x = co 2 , x = U3) of 
Eq. Ii6.6]) is non-logarithmic, then there exists a non-zero solution of Eq. A6.8\) which 
belongs to the space V- a > Q - d , a ' i+d+lia > 2+d+li0 ,> 3+d+1 (resp. V a / o+d+ i ^-d^+d+i^+d+i, 

+d+l,ct' 1 +d+l,-a' 2 -d,a' 3 +d+l j 

(%%) Ifa' G -l/2 + Z< (resp. a[ G -l/2 + Z< 0; a' 2 G -l/2 + Z< 0; a' 3 G -l/2 + Z< / ; 
a[+d, a' 2 +d, a' 3 +d g" 1/2+Z (resp. a' +d, a' 2 +d, a' 3 +d 1/2+Z, a' +d, a[+d, a' 3 +d £ 
1/2 + Z, «q + d, a[ + d, a! 2 + d g" 1/2 + Z), d ^ Z and the singularity x = (resp. 
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x = Ui, x = u 2 , x = u%) of Eg. IRTb)) is non-logarithmic, then there exists a non- 
zero solution of Eg. [673) which belongs to the space V a i +l i+i-a' 1 -d-a l 2 -d ,-a' 3 -d ( r ^sp. 

V—aQ-d^+d+lj-a'z-d—a's—d! ^-a'^-d-a^-d^+d+l-a'^-dj V-a^-d-a^-d-a^-d^+d+l)- 

(iii) If a' + d G 1/2 + Z> (resp. a[ + d G 1/2 + Z> 0; a 2 + d G 1/2 + Z> , 
a' 3 + d G 1/2 + Z> ), l[, 1' 2 , l' z <£ 1/2 + Z /resp. 1' 2 , V 3 £l/2 + Z, V , l[, 1' 3 <£ 1/2 + Z, 
l' ,l[,l 2 1/2 + Z), d G" Z and taere exists a non-zero solution of Eg. IRTb)) which be- 
longs to the space V r 1 _ a ^ a ^ a ^ Q! ^ /resp. V^i-a-i^a!,; V^/ 

,a' 1 ,a! 2 ,i-a' 3 ) > then 

the singularity x = /resp. x = uj\, x = u 2 , x = u 3 ) of Eg. A6.8\) is non-logarithmic. 

(iv) Ifa'o + d G -3/2 + Z< (resp. a[ + d G -3/2 + Z< 0; a' 2 + d G -3/2 + Z< 0; a' 3 + d G 
-3/2 + Z< ; ; l[,l' 2 ,l' 3 G* 1/2 + Z /resp. J 3 G* 1/2 + Z, CM £ 1/2 + Z, G* 
1/2 + Z), d G' Z and inere exists a non-zero solution of Eg. IffTb)) which belongs to the 

Space V a > jt i- a > 1 ,l-a' 2 ,l-a' 3 /resp. ^-a'^a'^l-a^l-a!,, ^l-a^,, l-a^a^l-a!,; ^l-ad.l-al.l-a^a'aA 

i/ien the singularity x = /resp. x = wi ; a; = x = U3) of Eg. W. 8\) is non- 
logarithmic. 

With respect to the elliptical representation of Heun's equation, Theorems 15.21 and 
15.41 can be rewritten as follows: 

Proposition 6.9. Let a {~ ^0^0 + 1} an d IbJiJ^l&V be the parameters defined 
in Eg. Mm) . 

(i) If -ato G 1/2 + Z> (resp. h G 1/2 + Z> 0; h G 1/2 + Z> , h G 1/2 + Z> J, 
4 G* 1/2 + Z /resp. 1' , 1' 2 , 1' 3 G* 1/2 + Z, Z' 1; / 3 £ 1/2 + Z, ^ l[, V 2 <£ 1/2 + Z), 
r] ^ Z and the singularity x = (resp. x = u>i, x = 0J2, x = 0J3) of Eg. k6.12) is non- 
logarithmic, then there exists a non-zero solution f(x) of Eg. IRTb}) which belongs to 
the space V-^+^+^+i (resp. V^+1,-^+14+1, V^+i^+i_^+i ; V^+1^+1^+1,-^ 
and the functions 

(6.20) f(x) = a(x) ao a 1 (x)- h a 2 (x)- l2 a 3 (x)- h - 

[ /(y)a(y)* + V 1 (y)'i + V a (i/)^ +1 a3(y) r » +1 Ka: + y)a(x - y))^dy 
Jii 

for i = 1,2,3 (resp. i — 2, 3 ; i = 1, 3, i = 1, 2) are non-zero solutions of Eg. k6.12) . 
(11) If-oto G -3/2 + Z< (resp. h G -3/2 + Z< 0; l 2 G -3/2 + Z< 0; l 3 G -3/2 + Z< 0y ) 7 

i[, r 2 , v 3 $ 1/2 + z (resp. r , r 2 , r 3 1/2 + z, r , i[, v 3 $ 1/2 + z, i' , i[, i> 2 $ 1/2 + z), 

r] ^ Z and the singularity x = (resp. x = Ui, x = co 2 , x = u 3 ) of Eq A6.12) is 
non-logarithmic, then there exists a non-zero solution f(x) of Eg. IRTb}) which belongs 
to the space V Vq+1 _^ (resp. VL^^+i _^ ( _^ ; VL.^ _^+i VL/^-^+J and 
i/ie functions 

(6.21) /(x) = f 7(x)- Q0+ Vi(x) Zl+ V 2 (x) Z2+ V 3 (x) Z3+1 - 

/ /(2/)o-(2/) _ '°o-i(2/) - '' 1 ^2(2/)^o- 3 (2/)^(^(a; + - y)) r >- 2 dy 

Jii 

for i — 1,2, 3 /resp. z = 2, 3, i = 1, 3, i — 1, 2) are non-zero solutions of Eq. \6.12) . 
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7. Finite-gap potentials and integral transformations 

We now review the definitions of a finite-gap potential and its properties. 

Definition 1. Assume q(x) is real-valued and continuous for x G R. We set H = 
—d 2 /dx 2 + q(x). Let o~b(H) be the set such that 

E G o~b(H) <^ All solutions of (H — E)f(x) = are bounded on x G M, 

and o~b(H) is the topological closure of o~b(H) in R- If the set WL\o~b(H) can be written 
as 

(7.1) R \ a b (H) = (-oo, E ) U {E u E 2 ) U • • • U (E 2g ^, E 2g ), 

with E < Ei < ■ ■ ■ < E 2g then q(x) is called a finite-gap (g-gap) potential. 

If q(x) is real- valued and continuous for x G M. and periodic with period T(> 0), 
then |trM T | > 2 =4> E £ a b {H) and |trM T | < 2 E G <t 6 (#), where M T is a 
monodromy matrix for the shift x — > x + T with eigenvalue i?. 

Definition 2. If there exists an odd-order differential operator A = (d/dx) 29+1 + 
Y^j^Q 1 bj(x) (d/dx) 2g ~ 1 ~ : ' such that [A, — d 2 /dx 2 + q(x)] = 0, then q(x) is called an 
algebro-geometric finite- gap potential. 

Note that the equation [A, —d 2 /dx 2 + q(x)} = is equivalent to the function q(x) 
being a solution of some stationary higher-order KdV equation. It is known that if 
q(x) is real-holomorphic on M and q(x + T) = q(x), then q(x) is a finite-gap potential 
if and only if q(x) is an algebro-geometric finite-gap potential (see [H]). 

For the elliptical representation of Heun's equation, the following theorem is known. 

Theorem 7.1. ([22]) The potential J^ =0 ^(^ + l)fp(^+Wi) is algebro-geometric finite- 
gap, if and only if l\ G Z for i = 0, 1, 2, 3. 

The function Yui=o Wi + ^)p( x + u i) * s called the Treibich-Verdier potential. Sub- 
sequently several other researchers have produced results on this subject (see [21 [121 
UM M> CESl OH Ql]). If I'o = A = 0, wi G R^ and co 3 G v^R^o, then the potential is 
real-valued and holomorphic on K, and we have the following corollary: 

Corollary 7.2. If U\ G IR^O; ^3 G V - IR^o one? ^> ^ en ^ e potential l 2 {l 2 + 

l)p(x + W2) + l' 3 (l' 3 + l)p(x + u 3 ) is a finite-gap potential. 

We review a method for calculating the monodromy for the elliptical representation 
of Heun's equation for the case 1' , l[, l' 2 ,l' 3 G Z. Note that Eq. fl6.6p is invariant under 
the change /• -B- — 1\ — 1 for each i G {0, 1, 2, 3}. 

Let h(x) be the product of any pair of solutions of the elliptical representation of 
Heun's equation. Then the function h(x) satisfies the following third-order differential 
equation: 

(7.2) 

- 4 (E ^ + ^o* + w <) - E ) ^ - 2 (E ^ + + ^)) ) = C 

It is known that if 1' , l[, 1' 2 , V 3 G Z then Eq. fl7.2p has a nonzero doubly periodic solution 
for all E. 
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Proposition 7.3. (p31 Proposition 3.5]) If 1' , l[, 1' 2 , 1' 3 G Z, t/ien Eq.fiTJty has a 

nonzero doubly periodic solution E(x,E), which has the expansion 

3 max^,-^-l)-l 

(7.3) H(x,£) = c (£) + E £ bf(E)p{x + u t )^- 1 ^, 
where the coefficients cq(E) and aj (E) are polynomials in E, they do not have 



com- 
mon divisors and the polynomial Cq(E) is monic. We set g = deg E Cq(E). Then the 
coefficients satisfy deg E b * (E) < g for all i and j . 

Set 
(7.4) 

Q(E) = ~(x, E) 2 (e-Y, W'i + l)p(* + "«)) + is(x, E) d ^^ - \ {^P) 



2 



Then Q(E) is independent of x and it is a monic polynomial in E of degree 2g + 1 
(see p2|). Solutions of Heun's equations can be written using E(x,E) and Q(E). 

Proposition 7.4. ([13, Proposition 3.7]) The functions 



(7.5) A(x, E) = y/E(x, E) exp 



-Q(E)dx 



and A(— x, E) are solutions of Eg. $6Jty . 
Write 

3 TDBX.{l' i ,-l' i -l)-\ . . 2 j 

(7.6) ~(x,E) = c(E) + J2 E a i°(^(j-) + 

i=Q j=0 ^ ' 

and set 

3 

(7.7) a(£) = E4 J) (£)- 

i=0 

Then the monodromy with respect to the shift of a period can be written in terms of 
a hyperelliptic integral. 

Proposition 7.5. ( [T5] [T6]) Assume l' ,l'x,l' 2 ,l^ G Z. 

(%) IfQ(Eo) = 0, then there exists qk G {0, 1} such that A(x+2ojk, E ) = (— l) 9k A(x, E ) 
for each k G {1,3}. 

(ii) If Q(E) 0, then the functions A(x,E) and A(—x,E) are linearly independent 
and we have 

(7.8) \(±(x + 2u k ),E) = {-iy>A(±x,E)exp I =f C UkC ^} ~ Vka J^dE 



E 



-Q{E) 
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We introduce another expression of monodromy arising from the Hermite-Krichever 
Ansatz ITS] - Set 



7.9 $i x, a = 1 ; exp ( a x , z = 0, 1, 2, 3 , 

cr(x + Wj) 

where a(x) (resp. C(x)) is the Weierstrass sigma (resp. zeta) function. 

Proposition 7.6. ([16]) Assume 1' , l[, l^l's G Z. There exist polynomials P\(E) , . . . ,Pq(E) 
such that, if the eigenvalue E satisfies P2(E) ^ 0, then the function A(x,E) in 
Eg. ( [7.5p can be written as 

( 3 l^ + V2|-3/2 • 

(7.10) A(x, E) = exp £ £ &« ( — $,(x, a) 

and the values a and k can be expressed as 

(7.H) ^ = jr§j' ^ = til v/Z ^' k= fW)^^' 

The periodicity of the function A(±x, E) in Eq. FTTW is described as 

(7.12) A(±(x + 2u k ),E) = eM±(2u k (((a) + 2k) - 2 Vk a))A(±x, E), (A; = 1,3). 

If P 2 (E) = 0, then the function A(x,E) in Eg. {1. 5\ ) can be expressed as a product of 
an exponential function and a doubly periodic function. 

We review a relationship between the polynomial Q(E) and finite-dimensional in- 
variant subspaces. We define a vector space V by 

(7.13) 

U-v -jj -i> 2 -i> 3 © E/_,j © C/_ij,i i+ i > _ Ji) i J+ i © C/'_,/ ) ,/ + i >1 / + i i _ / / 

^ = ^ (^ + ^1 + ^ + ^3 : even ); 



(ZG + Zi + Zi + ^: odd), 



where U aoaia2a3 are defined by 



^ao, 01,02, 03; Si=0 G ^<0i 

(7.14) 

E^OQ, 01,02,03 — oo,l—oi,l— 02, 1— 03 ) 

{0}, otherwise, 

Then -VcV and it can be shown that if Zd,Zi,M G Z then ^ is 

the maximum finite-dimensional if-invariant subspace of the space spanned by the 
function f(x) such that f(x + 2u k )/f(x) G {±1} for k — 1, 3. Let -P(-E) be the monic 
characteristic polynomial of the operator H^ l ° ,l ^ ,l ^ > on the space V, i.e. -P(-E) = 
det v (£ • 1 - 

Proposition 7.7. ([IT]) We have P(E) = Q(E). 

The curve Y : v 2 = —Q(E) is called the spectral curve, which plays an important 
role in Eqs. (I7.5[) . ( 17. 8p . It follows from Proposition 17. 71 that edges of the hyperelliptic 
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curve r are eigenvalues of the operator H^ ' 1 ' 1 ' 1 ' 2 ' 1 ^ on the invariant space V. The 
genus of the curve T is g, where g is defined in Proposition 17.31 

Let us consider the case Q(E) = 0. Let E be a zero of Q(E). Then we have 
P(Eq) = 0, A(x, E ) = a/S(x, ~Eq) £ V and the functions A(x, E ) and A(— x, E ) are 
linearly dependent. Another solution of Eq. (16.61) can be derived as Eq) J ^^ x Eo ^ ( 

A 2 (x,E )). The monodromy with respect to the shift of a period was calculated in 
[TBI and it can be written as 



(7.15) (A(x + 2co k , E ),A 2 {x + 2u k , E )) = 

2u) k c{E)-2r] k a(E) 

-ir(A(x,E ),A 2 (x,E )) [ 

1 



E-*E n 



Example 3. The case 1' = 2, l[ = 1' 2 = 1' 3 = 0. The doubly periodic function B,(x, E) 
which satisfies Eq. and the polynomial Q{E) are evaluated as 

(7.16) E(x, E) = 9p(x) 2 + 3Ep(x) + E 2 - 9g 2 /A, 

3 

(7.17) Q(E) = (E 2 - 3g 2 ) ]J(E - 3e t ). 

i=l 

The function A(x, E) defined by Eq. ( [7.5] ) is a solution of Eq. W. 6]) . For the monodromy 
with respect to the shift x — > x + 2u k (k = 1,3), we have a formula described by a 
hyperelliptic integral of genus two. 

(7.18) 

^( xo v\ * / tti\ ( 1 f E uj k (2E 2 -3g 2 )-Qr ]k E 
A(x + 2ui k , E) = A(x, E) exp -- / ■== dE 

The function A(x, E) can be expressed in the form of the Hermite-Krichever Ansatz 
(7.19) A(x, E) = exp (kx) (i { 0) <S> (x, a) + bf ] C^j <$> (x, a] 

and a, k satisfy 

(7 oris ( \ (E - 3 ei )(E + Qe,) 2 2 r —— 

(7 - 20) P{a) = ei 9(E 2 - 3g 2 ) ' K= 3{E*-3g 2 ) ^ m - 

Set 

(7.21) V = ^- 2 ,o,o,o © ^0-1-1,0 © M),-i,o,-i ® ^0,0 -i-i- 

JTien dim 1^ = 2 + 1 + 1 + 1 = 5 and Q(E) is the characteristic polynomial of if( 2 > > ' ) 
on the space V. The characteristic polynomial of _£/"( 2 > > >°) on 1^-2,0,0,0 (Vesp. Vo,-i,-i,0; 
V ,-i,o-i; «s £ 2 - 3g 2 (resp. E - 3e 3 , E - 3e 2 , E - 3e 1 ). 

By applying integral transformation to the case of a finite-gap potential (i.e. ap- 
plying Proposition 16.11 for the case l' Q , l[, 1' 2 , 1' 3 £ Z while choosing a' Q £ {— l' ,l' Q + 1} 
to be 77 £ 1/2 + Z), we obtain Heun's equation for the case lo,h,h,h G Z + 1/2 and 
^0 + ^1 + ^2 + ^3 £ 2Z + 1. Conversely we can express solutions and monodromy for 
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the case l , h, l 2 , h G Z + 1/2 and Zp + h + Z 2 + Z 3 G 2Z + 1 by using solutions and 
monodromy calculated by the finite-gap potential method for the case l' Q , l[, l 2 , 1' 3 G Z. 
The following proposition is obtained by combining Proposition 16.21 Corollary 16.41 
Propositions 17.51 and 17.61 

Proposition 7.8. Let ap G {— Iq,Io + 1} and set 
(7.22) 

— a — h — h — h + 1 _ — «o + h + Z 2 + Z 3 + 1 
»7 - g ' ~ 2 ' 

_ —op + Zi - Z 2 - Z3 ~ 1 _ -ftp - /1 + h - h - 1 _ -a - h - h + Z 3 - 1 
n — o 5 h — o '3 



2 z 2 13 2 

i/ Zp, Zi, Z 2 , h G Z + 1/2 and Zp + Zi + Z 2 + Z3 G 2Z + 1, then we have 77 G Z + 1/2 and 



Z , Z' 1; Z 2 , Z 3 G Z. Let M 2wfe (/c = 1, 3) be a monodromy matrix of solutions of Eq. Hjl.14 ) 



with respect to the shift x — > x + 2uk for the parameters Zp, Zi, Z 2 , 13, E. Then we have 
(7.23) trM 2 . fc = 2(-l)» cos I f ^"^^ 



'E 



Q{E) 



where c(E) and a(E) are defined in Eqs. \7.b)j , {1. 7\) and E is a zero of Q(E) for 
the parameters l' Q , l[, 1' 2 , 1' 3 , E such that A(x + 2uk, E Q ) = (— l) qk A(x, E ) for each k G 
{1,3}. We also have 

(7.24) tiM 2u>k = 2 cos (<S=l(2u k {((a) + «) - 2 Vk a)) , 

where a and k are determined by Eq. ^7.11] ) for the parameters Z , l[, Z 2 , 1' 3 , E. 

Note that Heun's equation in Proposition 17.81 for the parameter Z , l[, 1' 2 , 1' 3 for 
the case «p = — Zp is isomonodromic to the one for the parameter Z , l[, 1' 2 , Z 3 for 
the case «p = Zp + 1, and they are linked by the generalized Darboux transformation 
described in [IT]. If we replace the definition of the set a^{H) by the following; E G 
a h (H) <^> -2 < trM 2u)1 < 2, then the set R \ a b (H) for the case Z , l u Z 2 , Z 3 G Z + 1/2, 
Zp + Zi + Z 2 + Z 3 G 2Z + 1 and y/—lus G M^p has finite gaps, which coincides with 
the one for the case Z , l[, 1' 2 , V 3 in Proposition 17.81 But the potential for the case 
hi hi hi h G Z + 1/2 and lo + h + h + h G 2Z + 1 is not an algebro-geometric finite- gap 
potential. 

It follows from Propositions 16.81 and 16.91 that the eigenvalues of the four spaces for 
Z , l[, 1' 2 , 1' 3 in Eq. fl7.13p corresponds to eigenvalues such that one of the singularities 
{0, oji, u 2 , 0J3} is non-logarithmic. By combining these remarks with Proposition 17.71 
we have the following proposition: 

Proposition 7.9. Let ct G {— Z , Z +l} and define the numbers 1' , l[, 1' 2 , V 3 by Eq. 
Assume Z , Zi, Z 2 , Z 3 G Z + 1/2, lo + h + h + h G 2Z + 1 and let Q(E) be the polynomial 
in Eq. \l.l$ for the parameters 1' , l[, Z 2 , Z 3 (g Z). 

(i) The condition Q{Eq) = is equivalent to the condition that there exists i G 
{0,1,2,3} such that the singularity x = uji is non-logarithmic in Eq J6.1ty) for the 
parameters h,h,h,h- 
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(ii) If 1' + l[ + V 2 + l 3 is even, then the characteristic polynomial of the opera- 
tor on the space U- Vq _ z / _ z / (resp. U- Vq _^ +m /+i ; C/_^^ i+1 
C/L/j^+i^+i-j^ coincides with the polynomial P^\E) (resp. P {1) (E), P^{E), P®(E)) 
for the parameters Iq, h, h, h which are defined between Eq. $6.19]) and Proposition ^ '.9\ 
(Hi) If 1' + l[ + 1' 2 + l 3 is odd, then the characteristic polynomial of the opera- 
tor ff(W4>'3) on the space _j/ ,-i> 2 ,i> 3+ i (resp. I7_j/ i _j/ j j/ + i i _^, C/L-j/^+i _j/ 
Ui^-i^-i^-uJ coincides with the polynomial P^ (E) (resp. P^(E), P {l) {E), P<®(E)) 
for the parameters lo,h,h,h- 

(iv) We have Q(E) = P^(E)P^(E)P^(E)P^{E). 

It was shown in [13] that if 1' , l[, l' 2 ,l 3 G Z, then any two spaces of the four spaces 
in Eg. (17. 131) have no eigenvalues in common. Hence we have 

Proposition 7.10. Assume Iq, h, I2, 13 e Z+l/2 and lo + h + h + h G 2Z + 1. Then 
any two of the four equations P^(E) = 0, pW(E) = 0, P^(E) = 0, pW(E) = 
have no common solutions. In other words, if one of the singularities {0, ojx, 002, u) 3 } 
is non-logarithmic, then the other three singularities are logarithmic. 



Under the assumptions and notations in Proposition 17.9} we have deg E Q(E) = 
deg E P(°\E) + deg E PW(E) + deg E P®(E) + deg E P®(E) = \l + 1/2 1 + \h + 1/2 1 + 
|/ 2 + l/2| + |/ 3 + l/2|. Hence the genus of the curve T : v 2 = -Q(E) for l' Q , l{, 1' 2 , l' 3 (e Z) 
is obtained by applying Proposition 16.81 setting a' = —1' (resp. a' = 1' + 1) for the 
case that 1' + l[ + l' 2 + l' 3 is even (resp. odd). 

Proposition 7.11. Assume Vq,1' x ,V 2 ,1' 3 G Z. Let g be the genus of the curve V : v 2 = 
-Q(E). 

(i) If 1' + l[ + 1' 2 + 1' 3 is even, then 



(7.25) 



l'o + l[ + l' 2 + l' 3 



Iq + l'i l 2 l 3 



+ 



Iq ly + l 2 l 3 



l l[ l 2 + l 3 



(ii) If Zq + l[ + l 2 + V 3 is odd, then 



(7.26) 



9= 2 



-i' + r 1 + i' 2 + r 3 + i 



l'0-l[ + l'2 + l' 3 + l 



+ 



l' + l[-l' 2 + l' 3 + l 



1> Q+ 1> 1+ 1> 2 _1> 3 + 1 



- 1 



Note that the expression in Proposition 17. Ill is different from the one in [151 Propo- 
sition 3.3]. 

Example 4. For the case 1' = l[ = l 2 = 1' 3 = 0, Eq J6.6\) is written as (d 2 /dx 2 + 
E)f(x) = 0, a basis of solutions can be written as e KX , e~ KX for the case E ^ by 

(k = 1,3), where M 2 is a 
0. There 



-K 



Hence we have tiM' 2ljJk 



+ e 



writing E 

monodromy matrix of solutions of Eq. 116.6}) for the case 1' = l[ = V 2 
exists a non-zero periodic (resp. anti-periodic) solution with respect to the period 2uj\, 
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if and only of E can be written as E = ir 2 n 2 /ujf (resp. E = 7T 2 (2n + l) 2 / (2ui) 2 ) for 
some n G Z> . 

We apply an integral transformation of Proposition \6J\ for the case a' = 1, a[ = 
a 2 = a' 3 = 0. By replacing the contour integral I{ by twice of the integral from 
—x + 2ui to x and setting E = —k 2 , it follows from Eg. 116.11}) that the function 

»«<7(Z)<7(0 




(7-27) f(x) =\\\ (p(x) -et) ) / - \ ^ =d£ 

^o-(x - £)a{x + 4) 

is a solution of Eq. /16.12}) for the case Iq — 1/2, h = h = h = — 1/2 for i G {0, 1, 2, 3}, 
which reproduces the result in [15] . By Corollary }6.J\ we have tiM 2uJk = e 2KU)k -\-e~ 2KUJk 
(k = 1,3), where M 2uJk is a monodromy matrix of solutions of Eq. (6~6\) for the case 
Iq = 1/2, l\ = h = h = —1/2. It follows from Corollary \6.6\ that there exists a 
non-zero periodic (resp. anti-periodic) solution with respect to the period 2uj\, if and 
only of E can be written as E = ir 2 n 2 /uf (resp. E = 7r 2 (2n + l) 2 /(2uj\) 2 ) for some 
n G Z> . As a sequel, if U\ G M>o and u 3 G y/^lM,^ , then the spectrum of the 
operator V 2 .- 1 / 2 ,-! ./2,-i ,/2) ^ see Eq.^67^)) with respect to the interval [0,a>i] can be 
expressed as L 2 ([0,c<;i]) = {vT 2 n 2 /(2c<;i) 2 | n G Z> }, which reproduces the result by 
Ruijsenaars which was presented at the Bonn conference in 2008 (see [H]^ Note 
that Heun's equation for the case Iq = 1/2, h = h = h = — 1/2 was previously studied 
by Valent [23] to understand an eigenvalue problem related to certain birth and death 
processes. 



Example 5. We apply Proposition }! . 8\ to the case Iq = 3/2, h = h = h = 1/2. By 
setting a = 5/2, we have 1' = —3, l[ = 1' 2 = 1' 3 = and r\ = 1/2 in Proposition 
\6.2\ Let M2 Uk (k = 1,3) be a monodromy matrix of solutions of Eq. fal.14 ) with 



respect to the shift x — > x + 2uj k for the case l = 3/2, h = h = h = 1/2- Since 
#(-3,0,0,0) = #(2,0,0,0) ^ if f u ows f rom Eqs.(7J^, ( f7J3| ? that 



(7.28) trM^ = 2oos I -- f 0t = ^ = M iE 



and it follows from Corollary \ 6.6\ that for each k G {1,3} there exists a non-zero 
solution fk(x, E) of Eq J6.12}) for the case Iq — 3/2, l\ — l 2 — I3 — 1/2 such that 

(7.29) 

1 i > t • \ fi /, 1 1 f E uJ k (2E 2 -3g 2 )-Qr lk E „, 
f k {x + 2u k , E) = f k (x, E) exp -- / dE 



2 J ^ ^-{E 2 -3g 2 )]\l 1 {E - 3e t 
We also have 

(7.30) trM 2uik = 2 cos (V^l(2uj k (((a) + k) - 2 Vk a)) , 

where a and k are defined by 



r?qi , (E-3e 1 )(E + 6e 1 ) 2 2 / -J^g-jg) 

(7 - 31) P{a) = ei 9(E 2 - 3g 2 ) ' " = 3V E 2 - 3 92 ' 
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It follows from Proposition 7.9 that the singularity x = (resp. x = LO\, 0J2, UJ3) for 
Eq. ftl.l4 ) on th e case ^o = 3/2 ; li = h = h = 1/2 is non-logarithmic if and only if 
E = ±i/3g 2 (resp. E = 3ei, 3e 2 , 3e 3y ). 

5?/ setting a = —3/2, we have l' Q = —1, l[ = 1' 2 = 1' 3 = —2, which can be replaced 
by l' Q = 0, l[ = 1' 2 = l 3 = 1. The case (1' , l[, l 2 , 1' 3 ) = (0,1,1,1) is isomonodromic 
to the case (1' , I'i,^,^) — (2,0,0,0), and the two cases are linked by the generalized 
Darboux transformation in [1 7J . 
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Appendix A. Local expansions and the proof of Propositions I3.2L 13.31 

and Theorems B~2"l |4~31 

We investigate local expansions of solutions of a second-order linear differential 
equation about a regular singularity and the image of the expansion mapped by an 
integral transformation. 

We assume that the function y(w) is a solution of a second-order linear differential 
equation about a regular singularity w = p{^ 00), and the exponents of the second- 
order linear differential equation at w = p are and 9 p . 

Then the function y(w) can be expanded as 

(A.l) y(w) = C {p) f {p) {w) + D {p) g {p) {w), {C {p \D {p) G C), 

such that 
(A.2) 



f^(w) = { 



9 {p) (w) = { 



>0 



3=0 



[W 



j=Q 



>0j 



/ 00 

-p) e ^cf\ w -py 



[w 



9 P £Z 



3=0 



[w — 



P)° P ( Z) d< f ] ( W ~ ^ ) + ^ <P> / <P> M Iog(w - p), P G Z<_! 
3=0 



cf(w - p) j ) + A {p) f {p) (w) \og(w - p), 

0=0 



6 p G Z> , 



where c^ = Cq = 1. The function f^(w) is holomorphic about w = p. The function 
g {p) (w) is branching about w = p, if 6 P Z^ or ^ 0. If 6 P G Z^ and = 0, 
the singularity w = p is non- logarithmic (non-branching). 
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We now describe a criterion that the singularity w = p is non-logarithmic for the 
case 6 p G Z^ - We denote the differential equation which the function y(w) satisfies 
by 



(A.3) 



dw 2 



,i=0 



TAW - 



i=0 



i-2 



y = 0. 



Let F(£) = £ 2 + (po — 1)£ + qo = £(£ — # p ) be the characteristic polynomial about 
w = p. If the function y = w p CiZ 1 ) (c = 1) satisfies Eq. (1A.3I) . then we have 
F(p) = 0and 



(A.4) 



F(p + n)c n + ^2{(n - i + p)ri + Si}c ri 



i=i 



If F(p + n) 7^ for all n G Z>i, then the coefficients c n are determined recursively. 
In particular, the coefficients c n are determined recursively for the case 9 P SjL 7L. We 
consider the case 9 P G Z>j.. Set p = 0. The coefficients ci, . . . ce p _i are determined 
recursively. We substitite n = 9 P in Eq. (lA.4p . Then 



(A.5) 



^{(6» p - z)rj + Si}ce v ~i = 0, 



i=i 



and it gives an eqivalent condition to that the singularity w = p is non-logarithmic 
(i.e. = 0). A non-logarithmic condition for the case 9 P G Z<_i is given by 

Eq. (1A.4l) for the case p = 9 P and n = —9 P . 

We investigate the local expansion of the function j y(w)(z — w) K dw about 
w = p for the case k G" Z. Set 







(e 2 ^ 






(A.6) 


^a„fl — * 


27rV 


^(e 2 -^ - 








27rV 




l) r 



r(a + p) 

-i) a r(/3) ' 

,)!r( a + /3)' aG%0 ' 
n * 7 

TKi a ^ ^>l- 



If /3 (jL Z, then cf a « 7^ a + G" Z< and we have 



(A.7) 



„a-l, 



1 - s^ds 



[7l,7o] 



d a> p a g Z>i 
a G Z>i, 



/" ^(l-s^logs)^^, 

[71,70] 
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for n G Z>i. For the function y(w) in Eq. flA.ip . we have 



(A.8) {[JzHpIv) = I y{w){z-w) K dw 

'[7»>7p] 



D (P) {z _ p )*+«+l £ ^) rf . +ep+1>ft+1 (^ - pji, 

i=o 

oo 



3=0 



+ Aip) E c %/j+e P+ i,M^ ~ PY 



3=-V p 



D (v) A (v) {z _ p) e P +«+t J- cfd J+dv+w {z - pY, 

3=0 



> ■ 



e p + k ^ z<_ 2 
# P £z, 

0p + K G Z<_ 2 



# p G Z<_i, 

#p + K & Z<_ 2 



#p G Z>o, 

flp + K £ Z<_ 2 , 



by applying the transformation u> = p + (z — p)s. Hence 



(A.9) 



(hz,j P ),y) Jp 



(hz,i P ],y)- 



If 6 p + k G Z, then the function ([7^, j p ],y) is holomorphic about z = p. Under 
the assumption k $ Z, the function ([7*5 7p], 2/) is identically zero for any function 
y(w) written as Eq. flA.ip . if and only if 9 P G Z> and the singularity w = p is non- 
logarithmic (i.e. A^' = 0), or 9 p + k G Z<_ 2 and the function g^'iw) in Eq.( IA.2j) is a 
product of (to — p) 61 '' and a non-zero polynomial of degree no more than — 9 P — k — 2 



i.e. c 



for j > -0 p 



1). By putting k = n 2 — 1, (resp. 9 P 



1 - el 



(p = 0, l,t), k = —77), we obtain Proposition 13.21 (i). If 9 P G Z<_i, k^Z and the 
singularity u> = p is non- logarithmic, then = and the function ([7^, J p ),y) is a 
product of (z — p) 9 p +K+l and a polynomial of degree no more than — 9 P — 1. 

Let us consider the local expansion about w = 00. We assume that the function 
y(w) is a solution of a second-order linear differential equation about a regular singu- 
larity w = 00, and that the exponents of the second-order linear differential equation 
at w = 00 are 9^ and 0^- Then any solution y(w) can be written as 



(A.10) 



,(w) = C {co) f {co) (w) + D^g(°°\w), (C <oo) , D {co) G C), 
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such that 
(A.H) 



/ (oo> H = < 



(l/wf-f^c^\l/wy, 6>£> - 6>£> * z>„ 

3=0 

oo 

3=0 

oo 



6oo — 6oo $ Z 



3=0 



(l/wf- + A®f®(w) log(l», 0$ - 0$ G Z<_x 



d=o 



(l/w/~ [ cf°\l/w) j ) + A^fM(w) log(l», 0& - 6™ G Z> , 



where = = 1. 



(2) ( 

We investigate the local expansion of the function ^ j y{w)(z — w) e °° ~ 2 dw about 
w = oo for the case 9g — 1 ^ Z. Since 
(A.12) 



(l/w) eS) - 1+Q (2-w) e -- 2 ^ = e^^ ) - 1 )(l/2) Q rf Q(? (2)_ 1 , 

- - 2 (log(l/iu))d«; = e w ^*~ -^(l/z^d 



' [7« >7o 

for n G Z>!, we have 



(A.13) 



([7z,7oo],y) 



j=0 

oo 

B w (l/*)^E^,^ + *tf-.<l/*) J . 



i=o 



9& +*£>-! 



E~(oo) , 



!(V*) 3 



+ A<TO> E c 5:ia)_^)^ + ,«_^) +M ,)_ 1 (l/,) J 

j = — 9oo +Qoo 

oo 



^ G Z< 



6© - *g> G Z<_ 1; 
8$ t Z< 



*£> - eg g z >0 , 

*£> £ Z<„. 
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Hence 

(A.14) ([7„7oo],2/) 7o ° = e 2 ^ d ~- e ~\[ lz , loo ),y). 

Under the assumption 9$ G" Z, the function ([7*,7oo]j Z/) is identically zero for any 
function y(w) written as in Eg. ( 1 A. 10]) . if and only if 9^ — 9$ G Z> and the singular- 
ity w = oo is non-logarithmic (i.e. = 0), or 0^, G Z<o and the function g^°°\w) 
in Eg. flA.lip is a non-zero polynomial in the variable w of degree — 9oo (i-e. = 
for j > 1 — 0& } ). By putting 0$ = «i, dj$ = k 2 + 1 (resp. 0$ = a + fi - 2n + 1, 
9m = 2 — rj), we obtain Proposition 13.21 (ii). If fl^ — 0^ + 1 G Z< and the singu- 
larity w = oo is non-logarithmic, then = and the function ([j z , 7oo]> y) is a 
polynomial in the variable z of degree — 9$ + 0^ — 1. 

We investigate a sufficient condition that the functions ([7«,7o], J/), ([7«, 7i], J/), 
([7* j 7t]>2/) span the two-dimensional space of solutions of D yi (9 , 0j, t , 0^; A, /2) (resp. 
Eq.f ll.12p ) for some solution y(ii>) of D yi (9o, 61, 9t, 0oo! A, u) (resp. Eq.f ll.10p ) for the 
case ^ Z (resp. 77 ^ Z). 

Proposition A.l. Assume that /t 2 G" Z (resp. rj (jL 7L), there exists a branching 
solution of Dy 1 (9 ,9i,9 t ,9 oo ; A, /x) (Vesp. Eq. U.10\) ) for each singularity w = 0,1, t 
(i.e. 9 P ^ Z ('resp. e p G" ZJ or 7^ /or p = 0,1, tj, ine differential equation 
D yi (9o, 0i, 0t, 0oo! A, /i) (Ve<sp. Eq. ^l.lCh) ) does not have a solution written as a product 
of (w—p) 0p (resp. (w— p) 1_e p ) and a non-zero polynomial on the case k 2 + p G Z<_i 
(resp. 2 — r] — e' p = 1 — e p G Z<_i ; e p G Z> 2y ) /or eacn p G {0,1, i}, and i/ie 

differential equation D yi (9o, 9i,9 t ,9 00 ; \,fi) (resp. Eq. ^l.lty ) does not have a solution 
written as a product of z K2+e ° (z - l) K2+dl (z - t) K2+6t (resp. z 1 ~ e °{z-l) 1 ~ ei {z-t) 1 ~ €t ) 
and a non-zero polynomial. Then there exists a solution y(w) of the differential 
equation D yi (9 ,9 1 ,9 t ,9 oc ; A, u) (resp. Eq. U.lO]) ) such that the functions ([73,70],!/), 
([7*, 7i], y)> (["fzi 7t],2/) span iae two-dimensional space of solutions of the differential 
equation D yi (9 ,9i,9 t , 6 '^A, /2) ("resp. Eq.^l.l^)), ([7 z ,7o],y) 7^ 0, ([7^,71], 2/) 7^ 
and ([7*,7j,y) 7^ 0. 

Proof. Set k = k 2 — 1 (resp. k = —77 and e p = 1 — P (p = 0, 1, i)). If ([7^, 7 P ], p) = 
(p G {0,1, t}) for all solutions of D yi (9 ,9i,9 t ,9 oo ; \, ft) (resp. Eq. fll.10p ). Then 
it follows from Proposition 13.21 (i) that P G Z and the singularity w = p is non- 
logarithmic, or 9 P + k + 1 G Z<_i and the differential equation D yi (9 , 0i, 9 t , 0^; A, u) 
(resp. Eq.f ll.10P ) has a solution of the form which is a product of (w — p) 9p and a 
non-zero polynomial of degree no more than — P — k — 2. Hence it follows from the 
assumptions of Proposition IA. II that ([7^, j p ], y^) for some solution y^(w) for 
each p G {0, 1,£}. By setting y(w) = c y^(w) + ciy^>(w) + Cty^'(w) and choosing 
constants c , C\, q appropriately, we have ([7^, j p ], y) 7^ for all p G {0, 1, £}. Assume 
that the functions ([7^,70],!/), ([7^71], y), ([7z,7i],2/) do not span the space of solu- 
tions of D yi (9 ,9i,9t, 0oo5 (resp. Eq.(|L12J)). Then ([72,70], y) = ^([7*, 71], J/) = 
^'([7zj 7t], v) 101 some d 7^ and d' 7^ 0. Since ([7*, 70], 2/) satisfies the differential 
equation D yi (9 , 1; t , 0^; A, /2) (resp. Eq.f ll.12j) )., ([7^, 70], y) is locally holomorphic in 
C\{0, l,t}, and it follows from Eq.fjA^]) that the function z- 9 °- K ' 1 {z-l)- e ' L ~ K - 1 {z- 
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^-0 t -«-i^[Vy^ j Q ] f y) is holomorphic in C, and the singurality z = oo is regular at most 
and non-branching. Hence z^ 9 °^ K, ^ 1 {z — 1)~ 6,1 ~ K ~ 1 (,2 — t) t ~ K ~ 1 ([j z , 70], y) is a poly- 
nomial, and ([7z,7o],y) = — l) e ' 1+K+1 (z — t) 9t+K+1 h(z) for some polynomial 
h(z). But this contradicts the assumptions of the proposition. □ 

Corollary A. 2. (Proposition ^. 3\) There exists a solution y{w) of D Vi (9q, 9\, 9 t , 9^; A, /i) 
(resp. Eq.frl.lO})) such that ([j z ,Jo),y) ^ 0, ([7*, 7i]> 2/) ^ 0, ([7*,7t],y) 7^ and the 
functions ([72,70], y) , ([j z , 7i], y), ([lz,lt],y) span the two-dimensional space of so- 
lutions of D yi (9 , 9i, 9 t , 9^; X, fl) (resp. Eq. M.12) ). if k 2 G" Z and 9 P ,9 P G" Z for all 
pe{0,l,t,oo} (resp. 77, e , e 1 , e t , a - (3, e' , e[, e' t , a' - (3' G" Z). 

Proof. It follows from the fact that 9o,9i,9 t G" Z (resp. e^e'^e^ ^ ^) that there ex- 
ists a branching solution of D yi (9o, 9i, 9 t , 9^; A, /1) (resp. Eq. fll.10p ). If there exists a 
solution of D yi (9 , 61, 9 t , 9^; A, fi) (resp. Eq.f ll.12p ) that can be written as z K2+9o (z — 
l) K2+9l (z -t) K2+9t h(z) (resp. z 1 ~ e °{z- l) 1_£l (z - t) 1_e */i(z)) for some non-zero poly- 
nomial h(z), it follows from Proposition 13. II (ii) that 600 + (^2 + 6*o + k 2 + 9\ + n 2 + 9 t ) = 
- deg h(z) G Z< or —k 2 + 1 + (k 2 + 9 + k 2 + 9\ + k 2 + 9 t ) = - deg h(z) G Z< (resp. 
a+ (3 - e - ei - e t ) = - deg ft,(z) G Z< or /3 + (3 - e - £1 - e<) = - deg h(z) G Z< ), 
i.e. n 2 G Z< or 9^ G Z>i (resp. 2 — (3 G Z< or 2 — a G Z< ), which contradicts 
the assumption of the corollary. The condition 9 p G Z<_! (resp. 1 — e p G Z<_i) for 
p = 0, l,t is covered in the assumption of the corollary. Thus, the assumption of 
Proposition IA.1I (i) follows from the assumption of the corollary, and the corollary is 
obtained by applying Proposition IA.1I (i). □ 

We derive the following proposition which is used to prove Theorem 14.21 

Proposition A. 3. Let a,b,c be elements of {0,1, t} such that a ^ b ^ c 7^ a and 

r], a, (3, e , £1, e t , a', (3', e , e[, e' t be the parameters defined in Eq. U.9\) or Eq. U.13\) . 

(i) If e' a G Z> 2 , rj G" Z and the singularity w = a of Eq. [LTD) is non-logarithmic, then 
there exists a non-zero solution of Eq. FT~W) which can be written as (z — a) 1_e<l /i(z) 
where h(z) is a polynomial of degree no more than e' a — 2. Moreover if a', (3' G" Z ; 
then deg E h(z) = e' a — 2. 

(ii) If e' a G Z<o, rj G" Z, the singularity w = a of Eq. [LTD) is non-logarithmic and there 
do not exist any non-zero solutions of Eq. U.10]) written in the form (w — b) ab (w — 
c) ac p{w), where p{w) is a polynomial and (ab,a c ) = (0,0), (1— e' 6 ,0) or(0, 1— e' c ), then 
there exists a non-zero solution of Eq. [LIE) which can be written as (z — bY^ eb {z — 
c) 1 ~ ec h(z) where h(z) is a polynomial. Moreover if a', (3 ! G" Z, then deg h(z) = —e' a . 
(Hi) If e a G Z> 2 , t] G" Z, there exists a non-zero solution of Eq. n.10}) which can be 
written as {w — aY^^h^w) , where h{w) is a polynomial and there do not exist any 
non-zero solutions of Eq. / TOlj) written as polynomials in z, then the singularity z = a 
of Eq. U.lfy) is non-logarithmic. 

(iv) If e a G Z< , r],e' b ,e f c G" Z, there exists a non-zero solution of Eq. ICTTO)) written 
as a product of (w — b) 1 ~ e >>(w — c) 1 ~ 6c and a polynomial, and there do not exist any 
non-zero solutions of Eq. U.lfy) written as a product of z v - eo {z-l) x - ex {z-t) x - ei and 
a polynomial, then the singularity z = a of Eq. K1~TE) is non-logarithmic. 

(v) If a + /3 — rj G Z<o, r] ^ Z and the singularity w = 00 of Eq. U.10]) is non- 
logarithmic, then there exists a non-zero solution of Eq. \1.12) which can be written 
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as a polynomial of degree rj — a — f3. 

(vi) Ifa + (3 — r] G Z> 2 , r] G' Z, i/ie singularity w = oo of Eq.^TJM ^ s non-logarithmic 
and there do not exist any non-zero solution of Eg. ( TOOj) written as w a °(w — l) Ql (u> — 
t) at p(w) such that p(w) is a polynomial and («o, on, a*) = (1 — e' , 0, 0), (0, 1 — e[, 0) 
or (0,0, 1 — e' t ), then there exists a non-zero solution of Eg. which can be written 
as z 1 ~ e °(z — l) 1_<E1 (;z — t) l ~ et h(z) where h(z) is a polynomial of degree a + — rj — 2. 

(vii) If a + — 2i] G Z<_i ; ?y ^ Z ; i/iere exists a non-zero solution of Eg. U.10}) 
which is written as a polynomial and there do not exist any non-zero solutions of 
Eg. U.10) which are written as (l/z) v p(l/z) where p(l/z) is a polynomial in 1/z, 
then the singularity z = oo of Eg. M.lty) is non-logarithmic. 

(viii) If a + (3 — 2r\ G Z> 1; r], e' , e[, e' t G" Z, there exists a non-zero solution of Eg. ICTTO)) 
which can be written as a product of w l ~ e °(w — l) 1 ^ 6l (w — t) l ~ €t and a polynomial, 
then the singularity z = oo of Eg. M.12\) is non-logarithmic. 

Proof. Set e' p = 1 — 9 P , e p = 1 — 9 P (p — 0, 1, t). Then 9 P = 9 P — rj + 1. We apply local 
expansions in this appendix by setting n = —t]. 

To prove (i), it follows from Proposition 14. II that it remains to show that if a', (3' G" 
Z, then deg E h(z) = e' a — 2. If there exists a non-zero solution of Eq. fll.12p which is 
written as (z — a) 1 ~ f ~ a h(z) where h(z) is a polynomial, then it follows from Proposition 
EZEI(ii) that deg E h(z) = -a-l+e a or -/3-l+e a , i.e. deg E h(z) = -rj—l+e a = e' a — 2 
or -(a+P-r])-l+e a = 2-q-a-0+e' a -2. If a',f3' <jt Z, then we have 2r]-a-(3 £ Z 
and deg E h(z) = e' a — 2. 

If 9 a G Z>i, t] (jL Z and the singularity w = a of Eq. (II. 101) is non-logarithmic, 
then it follows from Proposition 13.21 (i) that ([j z , 7J, y) = for all solutions y{w) of 
Eq. (II. 101) . Combining this result with Eq. (12.21) and a similar equality, we have 

(A.15) ([iz,ib\,yy a = (hz,jb],y), (hz,ic],yy a = (hz,ic],y). 

If ([y z , ■jb],y), ([iz, 7c]j y) are linearly independent for some solution y{w) of Eq. (II . 101) . 
then it follows from Eq. (1A.15|) that the monodromy matrix about z = a is a unit and 
the exponents of Eq. (ll.l2p at z = a are integers. Hence 9 a = 9 a — 77 + 1 G Z, and 
this contradicts 77 ^ Z. Therefore ([72,75], y), ([jz,Jc],y) are linearly dependent for 
any solution f(w). If ([72, 7&], 7^ for some solution y(w) and ([jz,1c],y) 7^ 
for some solution y(w), then there exists a solution y{w) of Eq. (II. 10p such that 
{[lz,1c],y) = d'([lzi lb], y) 7^ for some constant d' 7^ 0. It follows from local 
expansions (Eq. (IA.8I) ) for the case p — b,c, Eq. flA.15j) and the condition 9 a G" Z that 
the function h(z) = (z — b)~ 8b (z — c) °([y z , jf,], y) is holomorphic in C. Hence h(z) is 
a non-branching function in CU{oo} which may have a pole at z = 00, and Eq. (ll.l2p 
has a non-zero solution (z — b) db (z — c) 9c h(z), where h(z) is a polynomial. Let k 
be the degree of h(z). It follows from Proposition 13.11 (ii) that —k — 9^ — 9 C = rj 
or —rj + a + (3, and by applying the relation 9 a + + 9 b + a + (3 = 2 we have 
k = 9 a + a + /3-T]-2 = 9 a -2r] + a + /3-lork = 9 a + r]-2 = 9 a -l. Hence, 
if a',/3' G" Z, then -2r/ + a + /3 ^ Z and we have deg/i(^j = 9 a - 1 = -e' a . If 
([7 z ,7f,],y) = for all solutions y(w), then it follows from Proposition 13.21 (i) that 
9b G Z> and the singularity w = b is non-logarithmic or e& G Z> 2 and the Eq. (II. 10p 
has a solution of the form which is a product of (w — b) 9h and a non-zero polynomial 
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of degree no more than e& — 2. For the case 6^ G Z> and the singularity w = b non- 
logarithmic, by taking a solution y(w) of Eq. fl 1.101) which is holomorphic at w — c, 
the function y(w) is holomorphic on the points w = a,b,c and it is a polynomial in 
w, because the point w = oo is a regular singularity and non-branching. Hence we 
have a polynomial solution y(w) of Eq.f ll.10]) . By combining this result with a similar 
statement for the case ([j z , j c ],y) = for all solutions y(w), it follows that if 6 a G Z> , 
the singularity w = a is non-logarithmic and ([7*, 7&], y) = or ([7*, 7 c ],y) — for 
all solutions y{w), then there exists a non-zero solution of Eq. (ll.lOj) which can be 
written as (w — b) ab {w — c) ac p{w) where p(w) is a polynomial and (at,, a c ) — (0,0), 
(0&,O) or (0,6* c ). Therefore we obtain (ii). 

We show that if 9 a (= 1 — e' a ) G Z< , 77 ^ Z, there exists a logarithmic solution 
of Eq.f ll.10j) about w = a and there do not exist any non-zero solutions of Eq. (ll.lOj) 
written as a polynomial, then there do not exist any non-zero solution of Eq. fll.12p 
written as (z — a) 1 ~ Ea p(z) such that p(z) is a polynomial. We write a logarithmic 
solution of Eq. firTU]) as in Eqs.flO), (tO]l . Then ^ 0, A< a > ^ and it follows 
from the absence of a non-zero polynomial solution of Eq. fll.lOp that VfT G Z, 3j G 
Z>^ such that c*- 7^ 0. A solution ([7^, 7 a ], of Eq. fll.12p can be written as Eq. flA.8p 
for the case 9 a G Z< , # a + ft + 1 ^ Z<_i, and it cannot be written as (z — a) 9a ~ ri+l p(z) 
such that p(z) is a polynomial because 7^ and \/K G Z, 3j G Z>^ such that 
Cj- 7^ 0. Since (1 — e a =)9 a = 6 a — rj + 1 ^ Z, the space of solutions of Eq. fll.12p 

that are written as (z — a) 9a h(z) such that h(z) is holomorphic about z = a is one- 
dimensional. Hence there does not exist a non-zero solution of Eq. fll.12p written as 
(z — a) 1 ~ ea p(z) such that p(z) is a polynomial. It follows from the duality of the 
parameters (e ,€i,e t ,ri) and (e' , e' 1; e' 4 , 7/) in Eqs.( ll.9|) . f )1.13p that we obtain (hi) for 
the case 1 — e a G Z< by contraposition. 

We show that if 77 G" Z, 6 a G Z>i, 06, # c ^ Z, there exists a logarithmic solution 
of Eq. fll.l2p about z = a, there exists a non-zero solution of Eq.f ll.10j) written as 
(w — b) 9b (w — c) 9c h(w) such that /i(u>) is a polynomial, and there do not exist any 
non-zero solutions of Eq.f ll.12]) written as (z — a) 9a (z — b) 9b (z — c) 9c po(z) where po(z) 
is a polynomial, then we have a contradiction. Assume that there exists a non-zero 
solution of Eq.f ll.10p written as y{w) — (w — b) 9b (w — c) 9c h(w) such that h{w) is 
a polynomial, Then the functions ([j z , 75], y), ([72,7c], 2/) are solutions of Eq. fll.12p 
and they are non-zero, which follows from 8b,8 c ^ Z and Eq.f lA.8p . Since it has 
been shown that y lb = e 27rv/ ~ Te ' b ?/, y lc = e 27rv/3T6,c ?/ and ([72,7a],!/) = 0, we have 

(hz,ib\,yy a = (hz,ib\,y), ([iz,ic},y) la = (bz,ic],y)- if {[iz,ib],y), (bz,ic],y) 

are linearly independent, the monodromy matrix about z = a is a unit, and this 
contradicts the existence of a logarithmic solution. Hence ([7^ 7&], y), {[lz,lc],y) are 
linearly dependent. It follows from a similar argument to the proof of (ii) that there 
exists a non-zero solution y(z) of Eq. fll.12p written as y(z) = [z — b) 9b (z — c) 9c p(z) 
such that p(z) is a polynomial. Since 9 a G Z> and there exists a logarithmic solution 
of Eq.f ll.12j) about z — a, it follows from Eq. (IA.2[) that y(z) can be expressed as 
y(w) = (z — a) 9a (z — b) 9b (z — c) 9c po(z) such that po{z) is a polynomial, and we have 
a contradiction. Hence we obtain that if rj G" Z, # a G Z> , 6*^, C G" Z, there exists a 
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non-zero solution of Eq.f ll.10)) written as (w — b) 9b (w — c) dc h(w) such that h(w) is a 
polynomial, and there do not exist any non-zero solutions of Eq. (jl,12p written in the 
form (z — a) 9a (z — b) 9b (z — c) 0c po(z), where po(z) is a polynomial, then the singularity 
z = a of Eq. fll.12l) is non-logarithmic. Therefore we have (iv). 

We show (v) and (vi). We apply the expansions in Eqs. flA.llI) . (IA.13I) by setting 
0« =a+p-2r) + lfuid6$ = 2-rj. If a+fi-r} = 9^-9^ + 1 G Z< , rj £ Z and the 
singularity w = oo of Eq. fll.10p is non-logarithmic, then 9^ Z< and the function 
([7«)7oo]j y) m Eq. (IA.13p is a product of (l/,z) cH ~ /3 ~ r ' and a polynomial in the variable 
1/z of degree no more than 77 — a — (3, and it satisfies Eq.f ll.12]) . Hence there exists 
a solution of Eq. fll.12p which is a polynomial in z of degree no more than 77 — a — j3. 
If there exists a solution of Eq.f ll.12j ) which is a polynomial in z, then the degree of 
the polynomial is —a or —/3, i.e., — Z) or 77 — a — /3(e Z). Therefore we have (v). 

If -77 + a + /3 = 0Q - 0$ G Z> , 77 £ Z and the singularity w = 00 of Eq.f lLTOj) is 
non-logarithmic, then it follows from Proposition 13.21 (ii) and a similar argument to 
obtain Eq. (1A.15P that ([~fz,loo},y) = for all solutions y(w) of Eq. (11.10) ) and 



(A.16) ([7,,7 P ],Z/) 7 °° =e 2 *^([ lz , lp \,y), p = 0,l,t. 

If ([7 Z) 7 a ], y), ([Tz, 7&],2/) (a, & G {0,1, t}, a ^ b) are linearly independent for some 
solution y(u>) of Eq.f ll.10j) . it follows from Eq.( IA.16l) that the monodromy matrix of 
Eq.f ll.l2p about z = 00 is scalar, the difference between the exponents of Eq. ( 11.12)) at 

z = 00 (i.e. 9m —9x+l and 2 — 9^) is an integer, and this contradicts 9$ —9^ G Z 

(2) 

and 77 = 2 — 9oo ^ Z. Therefore ([Tk, 7a], 2/), ([7z,7&],y) are linearly dependent for 
any solution of Eq.f ll.10p and a, b G {0, l,t} such that a ^ b. If there exists 

a solution yW(tu) of Eq. ffLTO]) such that ([7,, 7J, y&) ^ for each p G {0,1, t}, 
then there exists a solution y{w) of Eq. fll.10p such that ([7 2 , 7 P ], y) 7^ for any 
p G {0, 1, if:} by setting y(w) = c y(°\w) + Ciy^\w) + c t y^(w) and choosing c , Ci, q 
appropriately. It follows from ([7^,70], ?/) = d([7*>7i]>J/) = ^'([7*> 7t], 2/) ^ for some 
constants d, d' 7^ 0. It is shown that the function z °(z — l)~ 01 (z — t)~ e *{[y z , 70], y) 
is holomorphic in C, and Eq. (11.12)) has a non-zero solution 

where h(z) is a polynomial. Let k be the degree of h(z). It follows from Proposition 
13.11 (ii) that —k + a + f3 — 2 = r]oia + f3 — 77. Since 77 ^ Z, deg = a + /3 — 77 — 2. 
If ([7*, 7 P ],y) = for all solutions y(w) and some p G {0,1, t}, then there exists 
a solution of Eq.f ll.10p which can be expressed as a product of (w — p) 0p and a 
polynomial, or # p G Z>i and there are no logarithmic solutions about w = p. Assume 
that 9 P G Z>i and there are no logarithmic solutions about w = p. Let p' G {0, 1,£} 
such that p' p and y(w) be a solution of Eq. (II . 10p which is holomorphic at w — 
p' . Then yV(iy) = y(it;), y lp {w) = y{w). Since the singularity w = 00 is non- 

logarithmic, we have y lo °(w) = e 27T ^~ 16cc y(w) = e^ 2n ^~ lr, y(w) and it follows that 
y%"(w) = e^^^yiw) (p" G {0,1, t}, p ^ p" ^ p'), and then, since e 2 *^' ^ 1, 
that y J p" (w) = e 27Tv ^- e p" y(w). Hence the function y(w) can be expressed as y(w) = 
(w — p") 6 p" 'h(w) such that h(w) is a polynomial, which follows from the monodromy 
of y(w). Therefore if ([7^, j p ), y) — for all solution y(w) and some p G {0, 1, t} then 
there exists a solution y(w) of Eq. (11.10)) such that y(w) = w a ° (w — l) ai (w — t) at h(w) , 
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h(w) is a polynomial and (a , a±, a t ) = (#o> 0, 0), (0,#i,0) or (0,0, 9 t ), and we have 
(vi). 

We show (vii) and (viii). We apply the expansions in Eqs.f lA.iTT) . ( 1A.13I) by setting 
0$ = a + (3 - 2r] + 1 and 9& ] = 2 - rj. We show that if rj{= 2 - rf = 2 - 6 { £) £ Z, 
a + (3 — r/(= a' + f3' — 2rj' + 1 = 9^ — 9$ + 1) G Z< , there exists a logarithmic 
solution of Eq.f jl.10]) about w = oo and there do not exist any non-zero solutions of 

Eq.f ll.lOl) written as a product of (l/w)' n ' (= (l/w) e<00> ) and a polynomial in l/io, then 
there do not exist any non-zero solutions of Eq.f ll.12j) written as a polynomial. We 
write a solution of Eq.flHIIU as in Eqs. flA~T0|) . flA~TTj) . Then L><°°) ^ 0, ^ 

and \fK G Z, 3j G Z>^ such that ^ in Eq.f lA.lll . It can be shown as in the 
proof of (iii) that the function ([j z , 7oo], y) can be written as in Eq. (1A.13j) for the case 

9™ - 9 { £ G Z<_i, 6$ Z< , and it is not written as (l/z) e "- e " +1 p(l/z) such that 
p(z) is a polynomial, and it follows from 9<£ — 9<£ + 1 — (2 — Z that there 

do not exist any non-zero solutions of Eq. (1 1.121) written as (1 / z) e °°' '~ 6, °° >+1 p(l / z) such 
that p(z) is a polynomial. If there exists a non-zero solution of Eq. (11.120 written as 
a polynomial h(z), then it follows from Proposition 13. II (ii) that deg h(z) = a + (3 — rj 
or rj. Because rj £ Z, deg h(z) = a + (3 — r] = 9^o — #oo + 1 and h(z) can be 
written as (l/z) eoc ~ 0ao +1 p(l/z) where p(z) is a polynomial of degree no more than 
9^ — 9m + 1. Therefore we obtain the result that there do not exist any non-zero 
solutions of Eq. fll.12p written as a polynomial. It follows from the duality of the 
parameters (eo, ei, e t , rf) and (€^,€[,€^,1]') in Eqs. fll.9p . dl . 13[) that we obtain (vii) by 
contraposition. 

We show that if r ] ,9 ,9 1 ,9 t £ Z, a + (3-2rj(= 6$ -0$ + l-(2-0$)) G Z> 1; there 
exists a logarithmic solution of Eq. fll.12l) about z = oo, and there do not exist any 
non-zero solutions of Eq. fll.lOl) written as w 8 °(w — l) 9l (w — t) dt p(w) such that p{w) 
is a polynomial, then we have a contradiction. Assume that there exists a non-zero 
solution y(z) of Eq. fl 1.101) written as y{w ) = w d ° {w — l) 6 * 1 (u> — t) 9t p(w) such that p{w) 
is a polynomial. Then the exponent of y(w) at w = oo is 9$ + 9<£ - degp(w) - 2 
and the function y(w) can be expressed as f^°°\w) in Eq. flA.10p for the case 9^o — 
0$ G" Z, Hence ([7,, 7^], y) = and we have ([7*, 7J, y) 7 °° = e^^fo, 7p ], y) 
(p = 0,1, i). Since there exists a logarithmic solution about z = 00, any two of 
([lz,lo},y), (hz,li],y), (hz,lt),y) are linearly dependent (see the proof of (iv) ) and 
it follows from 9 p (jL Z (p = 0,1, t) that there exists a solution y(z) of Eq. fll.12p 

written as z e °(z - l) dl (z — t) 9t p(z) such that p(z) is a polynomial. Then we have 
degp(z) = t] — 2 or a + (3 — rj — 2 and this contradicts rj G" Z and a + /3 — 2r? G Z. 
Hence if a + — 2rj G Z>i, 17, #0, 9\,9 t G" Z, there exists a non-zero solution of Eq. fll.10p 
which can be written as a product of w 9 °(w — l) 01 (w — t) 9t and a polynomial, then 
the singularity z = 00 of Eq. fll.12p is non-logarithmic. Therefore we have (viii). □ 

Theorem 14.21 (i). (v), (viii) follows from Proposition IA.3I (i). (v), (viii). 

We show Theorem l4.2l (ii). Assume that there exists a non-zero solution of Eq. fll.10p 
which is written as p(w) (resp. (w — p) 1 ~ e pp(w)) where p(w) is a polynomial. It follows 
from Proposition 13.11 (ii) that degp(w) = —a' or — [3' (resp. degp(w) = e' p — a' — 1 
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or e' p - p - 1). Thus a' G Z< or 0' G Z< (resp. e' p - a' G Z>i or e' p — 0' E Z>i). 
Therefore, if a', /3' ^ Z (resp. — a', e p — 0' G" Z) then there do not exist any non-zero 

solutions of Eg. fl 1.1 Oil written in the form (resp. (u> — p) 1_e pp(w)) where p(io) 

is a polynomial. It follows from a', 0' (jL Z that 7/ G' Z and 77 G" Z. If e' a G Z and 
e b = e ' fe - 77' + 1 £ Z (resp. e c £ Z) , then e' c - (a' + 0' - rf) = -e' a - e' b + V + 1 £ Z (resp. 
e' b — (a' + /3' — r)') Z). By combining with Proposition IA.3I (ii), we have Theorem 
E2(n). 

We show Theorem 14.21 (iii) and (iv). It follows from a, /3 G" Z that 77 ^ Z. If 
there exists a non-zero solution of Eg. fll.12p which is written as p(z) (resp. 
l) 1 ^ ei (z — t) 1 ~ et p(z)) where p(z) is a polynomial, then degp(z) = —a or —0 (resp. 
degp(z) = a — 2 or — 2). Hence if a, (jL Z, then there do not exist any non-zero 
solutions of Eg. (II. 121) written as a polynomial nor as a product of z 1 ~~ ei) (z — l) l ~ (il (z — 
i) l ~ et p(z) and a polynomial. By combining with Proposition IA.3I (iii). (iv), we have 
Theorem 14.21 (iii) and (iv). 

If a + - 77 = a' + 0' - 2t]' + 1 G Z and e p G" Z, then ej, - 77' = e p - 1 £ Z and 
4 - (a' + /3'- rf) = e' p -r]' + (a' + f3' - 2t/) £ Z. Hence e' p - a', e' p - (3' Z and there 
do not exist any non-zero solutions of Eg.l 11.10l) written in the form (w — p) 1 ~ e pp(w), 
where p(w) is a polynomial. Hence we have Theorem 14.21 (vi) by combining with 
Proposition IA.3I (vi). 

If there exists anon-zero solution of Eg. ( 11712"]) . written as (1/ z) v p(l/ z) where pi\jz) 
is a polynomial in 1/z, then the exponent of the function (1/ z) v p(l/ z) is —77 — 
deg 1 , z p(l/z) and —77 — deg 1 / z p(l/z) = or e . Hence if 77, e' ^ Z, then there do not 
exist any non-zero solutions of Eg. (11. 121) written as (1/ z) v p(l/ z) where p(l/z) is a 
polynomial in 1/z. By combining with Proposition IA.3I (vii). we have Theorem 14.21 
(vii). Thus Theorem 14.21 is proved. 

The following proposition concerning solutions of D yi (9 , 0i, 9 t , 9^; A, /1) and D yi (9 , 9\, 9 t , 9^] A, fl) 
is proved similarly to Proposition IA.3I 

Proposition A. 4. Let a, b, c be elements of {0, 1, t} such that a 7^ b 7^ c 7^ a. Assume 
that A, A ^ {0, l,t, 00}. 

(i) If 9 a G Z<_i, k 2 ^ Z and the singularity w = a of the differential equation 
D yi (9 , 9\, t , 9^; A, /i) in the variable w is non-logarithmic, then there exists a non- 
zero solution y(z) of the differential equation D Vi (9q, 9±, 9 t , 9^ A, fl) in the variable z 
which can be written as [z — a) Ba h{z) where h(z) is a polynomial of degree no more 
than —9 a — 1. Moreover if K\ ^ Z, then deg E h(z) = —9 a — 1. 

(ii) If9 a G Z> , K2 ^ Z, the singularity w = a of the differential equation D yi (9o, 61, 9 t , 9^; A, jj) 
is non-logarithmic and there do not exist any non-zero solutions of D yi (6*o, 9i, 9 t , 9^; A, /x) 
written in the form (w — b) ab (w — c) ac p(w), wherep(w) is a polynomial and (ab,a c ) = 

(0,0), (9b, 0) or (0,9 C ), then there exists a non-zero solution of the differential equa- 
tion D yi (6o, 61, 0t, 9oo; A, p) which can be written as (z — b) 9b (z — c) 9c h(z), where h(z) 
is a polynomial, and for the case K\ ^ Z we have deg h(z) = 9 a . 

(iii) If 9 a G Z< 0; k 2 ^ Z, there exists a non-zero solution of D Vi (9q, #i,#t,#oo; A, fi) 
which can be written as (w — a) 6a h(w) where h(w) is a polynomial and there do not 
exist any non-zero solutions of D yi (9o, #1, 6^, #00; A, fi) written as a polynomial in z, 
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then the singularity z = a of D Vi (9q, 9\, 9 t , 9^; X,jl) is non-logarithmic. 

(iv) If9 a G Z>i, K2, 9b, 9 C £ Z, there exists a non-zero solution of D yi (9q, Q\, 9 t , 9^; A, /x) 
which can be written as a product of (w — b) 9b (w — cf c and a polynomial and there 
do not exist any solutions of D yi (9o, 9±, 9t, 6\x>; A, p,) written as a product of z 6 "(z — 
l) 6l (z — t) 0t and a polynomial, then the singularity z = a of D yi (9 ,9i, 9 t ,9 oo ; X,jl) is 
non-logarithmic. 

(v) If 9 oo G Z< 0; k, 2 Z and the singularity w = oo of D yi (9o, 9i, 9 t , 9^; A, /i) is 
non-logarithmic, then there exists a non-zero solution of D yi (9o,9i,9 t ,9 cx> \ X,ft) which 
can be written as a polynomial of degree —9^ . 

(vi) If G Z>i, k 2 G" Z, the singularity w = 00 of /^(^o, 6>i, 6^, A, /i) is non- 
logarithmic and there do not exist any non-zero solutions of D yi (9o, 9i,9 t ,9 OQ ; A, fx) 
written as w ao (w — l) ai (w — t) at p(w) such thatpiw) is a polynomial and (ao,ai,a t ) = 
(6*0,0,0), (O,0i,O) or(0, 0,9 t ), then there exists a non-zero solution of D yi (9 ,9i,9 t , 9^] A, fi 
which can be written as z e °(z — l) 6l (z — t) 6t h(z), where h(z) is a polynomial of degree 

9 00 — 1- 

(vii) If Ki G Z< 0; k 2 Z, there exists a non-zero solution of D yi (9 ,9 1 ,9 t ,9 oo ; A, fi) 
written as a polynomial and there do not exist any non-zero solutions of D yi (9 , 9\, 9 t , 9^; A, 
written in the form (l/z)~ K2+1 p(l/z), where pi\jz) is a polynomial in 1/z, then the 
singularity z = 00 of D yi (9o, 9%, 9 t , 9^; A, fx) is non-logarithmic. 

(viii) If Ki G Z>i, k 2 , 9q, 9i, 9 t G" Z, there exists a non-zero solution of D yi (9 , 9i, 9 t , 9^; A, /i 
written as a product of w °(w — l) 9l (w — t) dt and a polynomial, then the singularity 

z = 00 of D Vi (9q, 9i, 9 tl 9^; A, ft) is non-logarithmic. 

Theorem 14.31 follows from Proposition IA.4I 
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